Quantum vacuum: Renormalization group and anomalies in Cosmology
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A simple method for singularith avoidance and some consequences
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Motivations: (quantum) cosmology

Homogeneous & isotropic metric (FLRW): ds*

a
Hubble rate H = .

= —dt® + a*(1)

1 — Kr?

Matter component: perfect fluid 1}, = pg,., + (p + D) w, U,

equation of state

+ cosmological constant = Einstein equations

K

p=wp —>

1

a2

a 1
a
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2
dr .

- r? (d6? + sin® 6d¢?)

~

spatial curvature

w =0 dust

w = — radiation

— g (SWGN/O T A)

%~ Z[A—4nGy (p+ 3p)




Particular solution: dust and radiation

integrate conservation equation

Phenomenologically valid description for 14 Gyrs!!!!
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Planck 2015
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Numerical simulation for large

scale structure formation...
Wavelength A [h™! Mpe]
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A central problem (though not often formulated thus...): the singularity

Scale factor a(2)/a(t,) &/
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Singularity problem... a quantum effect?
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Quantum cosmology

Hamiltonian GR (3+1)
ds® = g, dztdz” = —N?dt* + hy; (dz* + N'dt) (dz? + N’ dt)

I\ N\

| frcts intrinsic metric = shift vector
~ apse turiction first fundamental form

|—> intrinsic curvature tensor

"R’ (h)
S I
| / S extrinsic curvature =
X! = const. second fundamental form:
oy, () Ar o) nr N
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Action (Einstein-Hilbert, compact space):
1

S =

167G

1
—>S_/Ldt_167TGN/dt

Canonical momenta

/ V=g (R—2\)d*z + 2 / VALK 0| 4 St [ ()
y oM -

/d3$ N\/E (KZ]KZJ — K2 —|—3R — 2A) -+ Lmatter

 SL Vh g .
V= — = K" — h"K
" 0N 167G ( )
a— M.; — vh d — N(?(I).
X N 0x"
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Hamiltonian H = /d?’az (WON -+ WZNZ -+ Wijizij -+ 7'('(1)(1)) — L

_ / A3z (WON + 7' N; + NH + NH)

1 1 g
H = NG (hz’khjl — §hz’jhkl) ik — \hR

| ij
H = —2VIhV, (W )

Vh

variation wrt lapse: H = 0 — Hamiltonian constraint

| — classical description complete
variation wrt shift: H* = 0 — momentum constraint
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Superspace & canonical quantization

relevant configuration space Riem (X) = {h;; ("), ® (/) |z € X}

parameters
GR = invariance/diffeomorphisms=—- Conf = I;iifn (g) . superspace
Wave functional W |h;, (), ® ()] = (hij, P|V)
+ Dirac canonical quantization procedure
T i52ij a® - i5(i1> T’ — igi\f - i(;\fi
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= —1 — 0

T ( SN

primary constraints . ow
Al = —i— =0

0N;

oW
5hij

same U for configurations related by a coordinate transformation

momentum H'U =0 — iV§-h) ( ) — SWGNTM\I/

Hamiltonian
: ' 52 Vh 0N
U= |-167rG.G;. : (—3R oA 16GT00) U =0
& " Ngﬂ“l(mij&hkl 167G, 2R T 0T
1 4/' Wheeler - De Witt equation
Gijkl = N0 (hihir + hithjx — hiihir)
De Witt metric
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= —1 — 0

T ( SN

primary constraints . ow
Al = —i— =0

0N;

oW
5hz’j

same U for configurations related by a coordinate transformation

momentum H'U =0 — iV§.h) ( ) — SWGNTM\I/

Hamiltonian
HY = ()

time-independent Schrodinger equation
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mini-superspace

restrict attention from an infinite dimensional configuration space to a 2 dimensional space
= mini-superspace

- r? (d6? + sin® 0d¢?)

dr?

hiide'dz? —  a®(t) o
— Kr

WDW equation becomes Schrédinger like for W [a(t), ¢(t)]

Conceptual & technical issues

infinite # d.o.f. to a few: mathematical consistency?

freeze momenta... Heisenberg uncertainties?

'quantization, minisuperspace| % 0
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mini-superspace

restrict attention from an infinite dimensional configuration space to a 2 dimensional space
= mini-superspace

- r? (d6? + sin® 0d¢?)

dr?
1 — Kr?

hiide'dz? —  a®(t)

WDW equation becomes Schrédinger like for W [a(t), ¢(t)]

Conceptual & technical issues

~ ACTUALLY MAKE CALCULATIONS!
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The clock issue in quantum cosmology

—> (R = constrained system: lack of external time

— arbitrary degree of freedom: internal clock

t

t3

CHONO,
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Classical system ¢; & p;

d
Constraint C(qgi,p;) =0 & EO(qi,p@-) ={0,C}pp
evolution \observable
parameter
(time)

Time parametrization invariance 7 — 7 —— N(q;, p;, T)
arbitrary non vanishing lapse function

d
4i, P

d7’

f l
( ‘ hamiltonian /7 = NC

t = const

C=0
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Quantum system C'U(g;) = 0

Z, 9,
0q1

e

will become time

if C' linear in p; —

é :}31 ‘|‘]:](p27 S 7pn7{q’b})

CU(g;) =0 = time dependent
Schrodinger equation
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3
Bianchi I case ds* = —N?dr° + » a] (dzi)Q
1—=1

al — 650+6+‘|‘\/§B—
Scale factors ay = ePotB+—V3p- Volume V = a;aas — o300

]

dﬁ() — ge_gﬁo dV

Action Sz/dT(pOBO +p,6, +p_f_ —NC’>

d@ N

e | o
dr canonical
one-form
constraint e 2 2 2
C = 24 (_p() _I_p—l— _|_p—)
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6_360

ensure canonical one-form remains canonical pv = 5 Po
|
df = pydV +podBy +p_dp_
constraint C = % (—p%/ I pig;;f 2‘)
cyclic variable p4 = 0 set py = kcosaandp_ = ksina

— df = pydV + prdk + poda + d (kcosafy + ksinaf_)
ﬁf—/
— exact... 1gnore!

— (cosafy +sinaf_)

Pk 9
(ksinafy —kcosaf-) neither anor P,in H = NC

Pa
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the system reduces to

Hamilton equations

k=0
PR = _ngv
Vo= N2V
3 k>
v =-N1g (—p% e

—— closed for V and pv

)

)

+ constraint

d9 = pydV + ppdk
3V %
C = —|(-pi-
3 ( PV T gy
3V
3
g2
1212
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0 . d Pk 3N : . : :
— (oF ) — monotonically increasing function
Choosing a time T (9 2 ) &7, y g
. l . 9 4
valid time choice 7 = % — N=—-V

|
—
o,
ﬂ
N
=
<
<.
<
DO
=
<[\3
~

Solving directly 1n the action S = / dé

classical unconstrained one dimensional system

d
e (Vpy) =0 — Vpv = Vopvo

V — Voe(va)T and Dy = pVOG_(VpV)'T
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symmetric ordering choice

. 1 1
H=V?p, = H=VV-0yVV - VV-0yVV
1
coordinate transformation V +— Z =1InV

—+ UHU '=-9%2, and Z€eR

o6—————+—+ v+ v+ Sr
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. Vps 9 V—InV
slow-gauge time dd = (Vpy)dV — ( va) d( Pk . )

k Vpy

Wk 2 2, 1 Lo
V VinV V
+d ( 5. VPV T 5 pv — 5V PV

) V2 2
Action S = /d@ — /dn (VpVV pV)

2\
Op,  V —1InV V =dVv/dny

new time variable 7 = . | Voy canonical if
Ty =pyV
Vo

1
H = §V2p%/ — 57'("2/

freely moving particle...

(V, 7TV) - R_|_ X R
on the half line
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Quantization: a gaussian wave packet

ek /4 (V —ik/2)°
Vg exp
o)

U(V, 77) —

implement boundary conditions to ensure self-adjointness

V +Vo,n) —u(—V + V|
?7b(‘/v7 ?7) _ u_( - 0777> U( T _017/727)

m/2 (1 —e Vo —F/2)

e,
@8—¢:—AD¢
h
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Operator ordering ambiguity 77‘2/ — VvV %5, VS

— 7T‘2/ — 7/'\("/ -+ SV_2

|

self-adjoint hamiltonian on the half-line s > 3/4
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V2, H] = 4iD,
Closed algebra of operators D,H|] = 2H,
V2, D] = 2V?Z,
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—> Heisenberg equations of motion

d - NP A
—V? = —i[V?, H| =4D
dn Z[ Y ]
d - A A A
—D = —i[D,H] = 2H
7

— solution as time-dependent operators

A

D(n) = Zﬁn + ﬁ(()) ) |2 — 4772 + 415(0)77 4 VQ(O)

expectation values tollows similar equations...

—» semi-classical variables

V(1) =/ (72(1))

0 — phase space solution

Ty (t) = V(t)
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Changing the time variable 7" =7'(1,V,7v)

redefining the dynamical variables in the process

T, = Ty & V=V +7yv(n'—n)  nochange of range...

change the canonical one-form

7T2 7T/2 7TV
df = 7y dV 2Vdn = 7, dV’ ZVdn’ +d|(n—1n") =L

same system/!

delay function A(V, 7y ) = 17" —7n  nodependency on time
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Delay function

A=V (ry — 107w, + w0, /10)
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Delay function

A =10"""Vsin(2ny) /v
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Delay function

A = 10_0'5(V -+ 1) COS(37Tv)/7TV
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Delay function (slow to fast) - < S —— ]
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Comparison between
different delay functions

OINE ISYMPLotics
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S. Vitent1, PP & A. Valentini, Phys. Rev. D 100, 043506 (2019) [astro-ph 1901.08885]

, P. Malkiewicz, PP & S. Vitenti Phys. Rev. D101, 046012 (2020) [gr-qc 1911.09892]
Conclusions

* Internal clock formulation of QM & QC
* Clock 1ssue 1n QC can be approached by WDW and set constraints on time

* Asymptotics may solve the problem...
* OQOther trajectory approach = same asymptotics

* Qut-of-Quantum-Equilibrium

10~
modified >
power
spectrum
10=1Y .
— Planck best—ﬁt 10=5 10=4 10= 10=* 0= 1Y
xmw =~ 2000Mpc k [Mpc™]
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