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I - Noether theorem 

and e-m surface charges




If	a	Lagrangian	has	a	continuous	symmetry,	then:	

1.			there	exist	a	current	which	is	conserved	on	shell,		

2.			the	integral	of	the	current	defines	a	charge		
-	conserved	in	time		
-	canonical	generator	of	the	symmetry

Typical	examples:	
•Poincaré	invariance	c	conserved	energy-momentum	tensor	
•Global	U(1)	invariance	c	conservation	of	electric	charge	

Less	known	examples:	
•Diffeomorphisms	c	conservation	laws	for	surface	charges		

(in	vacuum,	with	isometries)	
•Local	U(1)	invariance	c	conservation	laws	for	surface	charges		

(in	vacuum)

Noether’s	theorem
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(Throughout	the	talk,	it	will	be	convenient		
to	work	with	Lagrangians	as	4-forms)

<latexit sha1_base64="VLgKp0Isy9A1aCyEl8NJyKlDP2E="></latexit>

�✏�
<latexit sha1_base64="q377iUd3A+Ko0phOnxUrchRDOVQ="></latexit>

�✏L = dY✏
<latexit sha1_base64="nY5dLY5QuJ9bldj26WSW4C/A5UY="></latexit>)

<latexit sha1_base64="kh1Qy01O1Dbo6PM5dEfz8wn6vVE="></latexit>

j✏ := ✓(�✏)� Y✏
<latexit sha1_base64="xVykYIC6hFGMH6DJnrr9W9iQR7U="></latexit>

dj✏ ⇡ 0

Noether’s	theorem,	in	formulas:

if then

Proof:



Surface	charges:	electromagnetism
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Surface	charges:	electromagnetism
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Lagrangian:

Gauge	transformations:

Noether	current:

Noether	charge:
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Surface	charges:	electromagnetism
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Lagrangian:

Gauge	transformations:

Noether	current:
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Without	boundaries,	or	with	trivial	gauge	transformations	at	the	boundaries,		
no	charges	for	the	e-m	field	
With	boundaries	and	non-trivial	gauge	transformations	we	have	access	to	infinitely	many	
surface	charges	and	their	conservation	laws

Surface	charges:	electromagnetism

Gauss	law	(the	constraint		
associated	with	the		
gauge	symmetry)
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Coupling	matter:

<latexit sha1_base64="878rC8qfaY1SKZQY6T0Xg9Mk5WM="></latexit>

j� = ✓(��) = d� ^ ?F = d(� ? F )� �d ? F ⇡ d(� ? F )

Without	boundaries,	or	with	trivial	gauge	transformations	at	the	boundaries,		
no	charges	for	the	e-m	field	
With	boundaries	and	non-trivial	gauge	transformations	we	have	access	to	infinitely	many	
surface	charges	and	their	conservation	laws
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Local	transformations:	balance	law	between	the	matter		
and	e-m	multipole	moments‘hard’ ‘soft’
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Surface	charges:	electromagnetism



The	case	of	null	infinity
In	which	physical	context	are	we	interested	in	non-vanishing	gauge	transformations	at	the	
boundary?

An	important	example	that	has	come	to	prominence	in	recent	years		
(Bieri-Garfinkle	’13,	Strominger	’14,	…)	concerns	IR	problems	in	scattering	theory

Consider	compactified	Minkowski	spacetime:

For	a	standard	Cauchy	hypersurface,		
there	is	a	natural	choice	of	boundary	conditions:		

<latexit sha1_base64="I1ilXRCtmiXsk494AthKjmOWhEE="></latexit>

Aa
i07! 0

For	null	Cauchy	hypersurface	intersecting	future	null	infinity,		
care	is	needed,	as	some	choices	would	rule	out	electromagnetic	radiation

too	fast	means	no	waves
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Choosing	appropriate	b.c.	at	null	infinity	is	delicate:		
too	strong	may	rule	out	physics,	too	weak	may	lead	to	divergences	



Surface	charges	and	electromagnetic	memory
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‘hard’ ‘soft’
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Choosing	the	weakest	possible	conditions	compatible	with	finite	energy,	
one	discovers	that	there	is	a	residual	gauge	freedom	at	null	infinity:	
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(It	can	be	eliminated	with	stronger	boundary	conditions,		
but	again,	this	may	rule	out	interesting	physics)

Finding	the	right	boundary	and	fall	off	conditions	is	a	trial	and	error	procedure,		
or	in	nicer	words,	a	mix	of	art	and	science.	
Surface	charges	offer	a	precious	tool	to	discriminate:	changing	the	boundary	conditions	means	
changing	the	asymptotic	symmetry	group	

Consider	now	the	integral	of	the		
Noether	current	on	a	portion	Σ	of	null	infinity:
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•zero	Fourier	mode	(	c	soft	)
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‘e-m	memory’

•has	the	physical	effect	of	a	velocity	kick	to	the	particles	in	the	detector

of asymptotically flat spacetimes that act nontrivially on the asymptotic data. It seemed
intuitively obvious that if one has an isolated system that is flat near infinity, it should be
acted on non-trivially by the Poincaré group. For an asymptotically flat black hole, a boost is
a di↵eomorphism that should certainly be allowed but must be nontrivial, because it changes
the energy. Similarly, translations move the black hole to a di↵erent place. BMS expected the
asymptotic symmetry analysis would reproduce the isometries of flat spacetime itself, namely,
the Poincaré group. To everyone’s great surprise and consternation, what they got instead
was an infinite-dimensional group, now called the BMS group. This contains the finite-
dimensional Poincaré group as a subgroup but has an additional infinity of generators known
as “supertranslations.” This result implies that GR does not reduce to special relativity for
weak fields and long distances, as näıvely expected. As we will see below, it is now realized
that the BMS group is not the whole story: it is both too big and too small, but much more
on this in section 5.

Another famous asymptotic symmetry analysis appeared in the work of Brown and Hen-
neaux in the late 1980s on AdS3 [200]. They found a result that no one was expecting:
the asymptotic symmetry algebra is two copies of the Virasoro algebra with a computable
central charge — a harbinger of AdS/CFT. This beautifully demonstrated the power of the
method. It is not just a way of confirming what we already know.

What would we expect for the asymptotic symmetry group of electrodynamics? This
question has been asked only in the past few years [10,11]. In Minkowski space electromag-
netism, we are interested in boundary conditions at I+ or I�. At these null boundaries, one
does not have the same freedom in choosing the boundary conditions as one does, for ex-
ample, for the timelike boundary of a box. Rather one must derive the asymptotic behavior
from the field equations. If we consider a sphere at large r, its surface area grows like r2, so
for the energy flux at any moment to be finite, Tuu ⇠ O(1/r2). Note that we are not talking
about the integrated energy flux, whose finiteness requires that fields fall o↵ in a certain way
at late and early times on I±. In electromagnetism,

Tuu ⇠ FuzFuz̄

�zz̄

r2 + . . . , (2.10.2)

where the factor of 1
r
2 comes from inverting the metric on the sphere of radius r. This

suggests that Fuz ⇠ O(1). However, Fru is the long-range electric field, so it should go as
O(1/r2) to have finite charge configurations. Similarly, Frz ⇠ O(1/r2). To summarize:

Fuz ⇠ O(1), Fur, Fzr ⇠ O
✓
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This suggests we choose the boundary fallo↵ conditions for the gauge fields to be

Az ⇠ O(1) , Ar ⇠ O
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If we try to impose stronger boundary conditions for Aµ, we would teleologically disallow
some physically reasonable initial data configurations.

Now we ask: what kind of gauge transformations do these fallo↵s allow? Generic gauge
transformations take the form

�Az = @z" , �Au = @u" , �Ar = @r" . (2.10.5)

35

(Bieri-Garfinkle	’13,	Strominger	’14,	Ashtekar-Bonga	’17,	Pastersky	’16)



Strominger’s	infrared	triangle

A	similar	story	is	unfolding	in	gravity,	but	there	the	identification	of	the	`weakest	possible	boundary	
conditions’	or	equivalently	‘largest	possible	symmetry	group’	is	not	over	yet

asymptotic	symmetries

memory	effects soft	theorems

A	remarkable	set	of	relationships	between	seemingly	unrelated	theoretical	results	(and	
communities)	whose	implications	are	just	beginning	to	be	explored

The	big	surprise	(Strominger	et	al)	is	that	the	Ward	identities	of	the		
large	gauge	symmetry																									reproduce	Weinberg’s	soft	theorem
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3.1 Soft Theorems

We will need an additional field theoretic tool, that at first glance would appear unrelated to

the story of asymptotic flatness and asymptotic symmetries we’ve begun to construct above:

soft theorems. Coincidentally the relevant theorems were established by Weinberg [28] (see

also [29–34]) around the same time as the analyses by BMS. The statement of these theorems

amounts to the following observation: given a gauge theory amplitude, the amplitude with

one additional gauge boson exhibits a universal behavior as the momentum of the added

gauge boson is taken soft. Namely, it can be written in terms of a soft factor times the

original amplitude without this extra boson.

It is straightforward to prove the leading term diagrammatically, and a good textbook

reference is chapter 13 of [35] (see also chapter 6 of [36]). Begin with an on-shell scattering

amplitude A(pi), and consider the related amplitude where we add an outgoing massless

gauge boson to the final state, leaving the other scatterers unchanged. Taking the momentum

of extra boson to be

qµ = !(1, q̂) (3.6)

we can ask what happens when we tune down the energy ! ! 0.

pi q

=
X

i2ext

pi

pi + q

q

+ ...

1
April 2, 2019

Figure 3: Diagrammatic expansion of an amplitude with an extra gauge boson as its energy
is tuned towards zero. The leading contributions come from the soft gauge boson attaching
to the external lines.
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II - Surface charges in GR 

and the BMS group




Symmetries	in	general	relativity

General	relativity	has	no	global	symmetries	

Only	special	solutions	admit	global	symmetries,	which	are	referred	to	as	isometries,	since	they	
preserve	the	metric:	e.g.	
•the	Poincaré	symmetry	of	the	Minkowski	metric	
•the	spherical	or	axial	symmetry	of	the	Schwarzschild	and	Kerr	black	holes	
•the	spatial	symmetries	(e.g.	homogeneity,	isotropy)	of	cosmological	metrics

For	a	generic	metric,	no	isometries,	no	conserved	quantities.		
This	is	always	the	case	for	radiating	spacetimes.	If	GW	are	present,	there	are	no	global	charges,	but	
only	surface	charges,	which	change	with	the	gravitational	flux
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FIG. 1: A depiction of future null infinity, I+ (in light blue) that constitutes the future boundary
of space-time and has topology S2⇥R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersects I+ in a 2-sphere cross-section. The null tetrad (`a, na

,m
a
, m̄

a) and
the metric qab on r = const 2-spheres in the interior have limits ˚̀a, n̊a

, m̊
a
, ˚̄ma and q̊ab respectively

on I+. The figure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then `

a is shear-free. In asymptotically
Minkowskian spacetimes, shear � of `a falls-o↵ as 1/r2 and

�
�(u, ✓,') := � lim

r!1
r
2
�
m

a
m

bra`b

�
⌘ (h�

+ + ih
�
⇥)(u, ✓,') (2.2)

is well-defined on I+, where, in the last step we have expressed �
� in terms of the commonly

used waveforms h�
+ ⌘ rh+ and h

�
⇥ ⌘ rh⇥. (Because of the ‘ma

m
b’ factor, �� has spin weight

+2, while the more commnonly used combination h
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� has spin-weight -2.) The
shear tensor ��

ab at I
+, given by
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is a symmetric, traceless tensor field, transversal to the null normal to I+ –i.e. satisfies
�
�
abn̊

a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative
modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news

Surface	charges	in	GW	astronomy

How	is	the	flux	of	GW	related	to	properties	of	the	source?

We	pick	up	a	GW	signal,	we	would	like	to	understand		
what	generated	it

The	study	of	asymptotic	symmetries	allows	to	understand	the	dynamical	flux-balance	laws	
in	terms	of	Noether’s	theorem,	and	to	approach	physical	questions	with	more	tools



Lagrangian:

Gauge	transformations:

Noether	current:

Noether	charge:

Without	boundaries,	or	with	trivial	gauge	transformations	at	the	boundaries,		
no	charges	for	the	gravitational	field	
With	boundaries	and	non-trivial	gauge	transformations	we	have	access	to	infinitely	many	
surface	charges	and	their	conservation	laws

Surface	charges:	gravity
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(side	remark:	description	easier		
and	more	elegant	using	tetrads		

instead	of	the	metric)
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If	the	spacetime	admits	isometries,	e.g.	stationary	(														)	or	axisymmetric	(														),	then
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Two	key	properties	then	hold:	
•The	Noether	charge	does	not	depend	on	the	surface	in	vacuum	
•The	variation	of	the	Noether	charge	measures	the	matter	energy-momentum	content
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This	is	good,	but	does	not	hold	in	the	presence	of	gravitational	radiation.

If	there	is	radiation,	there	is	no	isometry,	no	Killing	vector:	the	Noether	charge	then	depends	on	the	
surface	chosen,	hence	the	difference	now	depends	on	arbitrary	choices	such	as	coordinates	and	the	
2-surface	of	integration,	which	have	nothing	to	do	with	the	gravitational	dynamics.	
Either	the	surfaces	are	somehow	physically	characterized,	or	these	charges	are	not	good	observables

Isometries	versus	radiation

S

S

S’
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One	common	approach	is	to	take	the	boundary	all	the	way	to	infinity,		
so	that	spacetime	is	effectively	empty,	thus	flat



Space-like	infinity:	
there	is	a	natural	choice	of	boundary	conditions:		

Two	ways	to	go	to	infinity

Null	infinity:	
the	same	choice	can	be	done,		
but	does	not	select	the	Poincaré	group
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Residual	diffeos:	the	isometries	of	the	flat	metric!	The	Poincaré	group,	absent	as	global	symmetry	
group	of	GR,	emerges	as	asymptotic	symmetry	group	of	asymptotically	flat	metrics	
Surfaces	charges	at	spatial	infinity:	mass,	angular	momentum	and	more	in	general	all	Poincaré	
charges	(ADM,	Regge-Teitelboim,	Beig-Murchadha,	Ashtekar-Hansen,	…)

Residual	diffeos:	the	isometries	of	a	null	slicing	of	the	flat	metric.	This	gives	an	infinite-dimensional	
group,	known	as	the	BMS	group,	which	contains	infinitely	many	copies	of	the	Poincaré	group,	one	
for	each	cut	of	null	infinity	
Surfaces	charges	at	null	infinity:	mass,	angular	momentum	and	more	in	general	all	BMS	charges	
(Bondi-Metzer-Sachs,	Newman-Penrose,	Ashtekar-Streubel,	Wald,	…)



Why	an	infinite-dimensional	symmetry	group?

The	big	difference	is	that	a	null	hyperplane	has	a	degenerate	metric:		
there	is	no	distinguished	notion	of	Cartesian	coordinate	in	the	degenerate	direction	

transverse	directions:	
distances	measured		
by	the	round	2-sphere	metric

zero	distances	along	the	null	directions

the	blue	cut	and	the	red	cut	are	equivalently	good	observers

The	extension	is	the	freedom	of	making	the	translations	of	the	Poincaré	group	not	rigid,	but	
depending	on	the	point	of	the	sphere:	supertranslations	
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(Pick	a	frame	on	the	sphere,	then	the	first	4	harmonics	of	T	provide	the	translations	wrt	that	frame)
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The	ten-parameter	Poincaré	group	is	extended	to	the	6+a-function-on-S	infinite-d	BMS	group
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Some	details	of	the	BMS	group
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+
P̄A

r
dudxA + ...

Leading	order:	Minkowski

shear	induced	by	a		
gravitational	wave

Asymptotic	expansion	in	Bondi	coordinates:

angular	momentum	aspectmass	aspect
where q = det qAB. This gauge-fixing allows one to study the limit to future null infinity
taking r ! 1. The original BMS boundary conditions, or fall-o↵ conditions, are [87, 88]

gur = �1 +O(r�2), guA = O(1), guu = �1 +O(r�1), qAB =
�
qAB +O(r�1), (2.24)

where
�
qAB is the metric of the round 2-sphere. We wish to consider more relaxed boundary

conditions, with the goal of finding a larger extension of the BMS group. To that end, we
keep the first two conditions in (2.24), but allow for an arbitrary leading order metric q̄AB

in the last. The asymptotic form of the Einstein’s equations then requires to relax also the
condition on guu for consistency. Accordingly, our proposal is

gur = �1 +O(r�2), guA = O(1), guu = O(1), qAB = O(1). (2.25)

From these asymptotic conditions, the metric coe�cients have the following fall-o↵ behavior,

F = F̄ �
M

r
+ o(r�1) , (2.26a)

� =
�̄

r2
+ o(r�2) , (2.26b)

UA =
ŪA

r2
�

2

3r3
q̄AB

�
P̄B + CBCŪ

C + @B�̄
�
+ o(r�3) , (2.26c)

qAB = q̄AB +
1

r
CAB +

1

r2

✓
DAB +

1

4
q̄ABCCDC

CD

◆
+

1

r3
EAB + o(r�3). (2.26d)

All functions here depend a priori on the 2-sphere coordinates and on retarded time u. M
is the Bondi mass aspect, and the asymptotic expansion of UA is chosen to insure that the
momentum aspect P̄A is the BMS Noether charge associated with super-Lorentz transforma-
tions; more on this below. The 2d tensors (CAB, DAB, EAB) are symmetric and traceless as a
consequence of the determinant gauge condition. The tensor CAB is (twice) the asymptotic
shear of the null geodesic congruence. The tensor DAB is known to vanish if we demand
smooth fall o↵, namely absence of logarithm terms (see, e.g., [6]). We will follow this as-
sumption in this paper, and thus set from now on DAB = 0. The tensor EAB appears as the
dominant term in the expansion of one of the components of the Weyl tensor, see App. D.

Notice that the asymptotic expansion of the metric coe�cients listed above is consistent
to inverse cubic order. To see this one assigns a notion of conformal weight which is such
that [r] = �1 and [ds2] = �2. This implies that [qAB] = 0, [UA] = 0 and [CAB] = 1 while
[F ] = 2, [�] = 1. This means that to achieve a cubic order expansion we only need to expand
F to order r�1 since [M ] = 3 and similarly we only need to expand � to order r�2.

Indices in the asymptotic expansion are raised and lowered using the leading order metric
q̄AB. We denote D̄A and R̄ABCD the associated covariant derivative and Riemann tensor.
With this expansion, the asymptotic Einstein’s equations give the following relations for the
leading order terms (see section (8) below for details)

@uq̄AB = 0 , EF̄ := R̄� 4F̄ = 0 , (2.27a)

E�̄ := �̄ +
1

32
CABC

AB = 0, EŪA := ŪA +
1

2
D̄BC

AB = 0. (2.27b)
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ds2 = �du2 � 2dudr + r2
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qABdx

AdxB

The	corresponding	fall-off	conditions:

are	preserved	by	the	following	vector	fields:
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⇠̄T,Y := T@u + Y A@A +
1

2
D · Y (u@u � r@r) with	Y	a	CKV	of	the	sphere

In	other	words,	the	BMS	group	is	generated	by	asymptotic	Killing	vectors,	
and	the	asymptotic	metric	has	an	infinite	number	of	asymptotic	symmetries
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We	can	then:	
•identify	those	surface	charges	that	in	the	stationary	case	reproduce	the	mass	and	angular	
momentum	of	black	holes	

•derive	flux-balance	laws	directly	from	the	Einstein’s	equations
<latexit sha1_base64="9jJCNrZTBdpznypakpJFH49byUs="></latexit>
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8
DA(CBCĊ

BC) + . . .

Flux-Balance	laws	at	null	infinity
Bondi-Metzer-Sachs,	Newman-Penrose,	Thorne,	Ashtekar…

These	flux-balance	laws	are	what	allows	us	to	reconstruct	the	physics	of	the	source		
(i.e.	the	merging	of	BHs)	from	the	observed	signals	(the	GWs)

<latexit sha1_base64="tSQjNE3ymS3TZwo/KD5h6tDwDUE="></latexit>

M =

Z

S
m

<latexit sha1_base64="bngJIu5y+LRFlDYhKP69em4C9pA="></latexit>

J =

Z

S
(@�)

APA

<latexit sha1_base64="46v20bdZkoZg2nzSXLcWKoOdb/w="></latexit>
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AB � 1

8
ĊABĊ

AB

Bondi	energy-loss	formula Angular	momentum	flux-balance	law

By	going	to	null	infinity,	and	picking	up	an	enlarged	infinite-d	symmetry	along	the	way,	we	are	able	
to	define	surface	charges	that	are	independent	of	the	surface	and	coordinate	used,		
and	that	can	be	related	to	the	gravitational	flux	 Caveat:	for	some	diffeomorphisms	(those	not	tangent	to	S),	

	there	is	a	shift	between	the	Noether	charge		
and	the	canonical	generator	of	the	symmetry



Strominger’s	infrared	triangle

asymptotic	symmetries

memory	effects soft	theorems

Again	(Strominger	et	al)	the	Ward	identities	of	the	BMS	symmetry	
reproduce	Weinberg’s	soft	theorem

3.1 Soft Theorems

We will need an additional field theoretic tool, that at first glance would appear unrelated to

the story of asymptotic flatness and asymptotic symmetries we’ve begun to construct above:

soft theorems. Coincidentally the relevant theorems were established by Weinberg [28] (see

also [29–34]) around the same time as the analyses by BMS. The statement of these theorems

amounts to the following observation: given a gauge theory amplitude, the amplitude with

one additional gauge boson exhibits a universal behavior as the momentum of the added

gauge boson is taken soft. Namely, it can be written in terms of a soft factor times the

original amplitude without this extra boson.

It is straightforward to prove the leading term diagrammatically, and a good textbook

reference is chapter 13 of [35] (see also chapter 6 of [36]). Begin with an on-shell scattering

amplitude A(pi), and consider the related amplitude where we add an outgoing massless

gauge boson to the final state, leaving the other scatterers unchanged. Taking the momentum

of extra boson to be

qµ = !(1, q̂) (3.6)

we can ask what happens when we tune down the energy ! ! 0.

pi q

=
X

i2ext

pi

pi + q

q

+ ...

1
April 2, 2019

Figure 3: Diagrammatic expansion of an amplitude with an extra gauge boson as its energy
is tuned towards zero. The leading contributions come from the soft gauge boson attaching
to the external lines.
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(Christodoulou	‘90s,	Teukolsky,	Nichols,	Favata,	…)

As	in	the	e-m	case,	the	boundary	infinite-d	symmetry	
associated	with																		is	related	to	a	memory	effect:	
a	permanent	displacement	of	the	shape	of	the	detector
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III - The Weyl BMS group




Motivations

Is	the	BMS	symmetry	the	end	of	the	story?	Many	reasons	to	think	not!	

•subleading	soft	theorems	(Strominger,	…)	c	gen.	BMS	group	(Campiglia-Laddha,	Compere-
Fiorucci-Ruzziconi	’18)	

•holography	(Barnich,	…)	c	extended	BMS	group	(Barnich-Troessaert	’11)	

•biggest	symmetry	algebra	better	quantization	(Barnich,	Grumiller,	Freidel,	…)	

•the	algebra	of	quasi-local	observables	is	actually	bigger	(Flanagan	et	al,	Ciambelli	et	al,	Freidel…)	

•…various	further	ideas	(Hawking-Strominger-Perry,	…)



,																					CKV

A	hierarchy	of	asymptotic	symmetries

Asymptotic	background	structure

holographic	renormalization,	charge-integrability,	covariant	phase	space	with	anomalies,	etc.

Algebra
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These	extensions	are	quite	challenging	to	achieve,	and	one	has	to	deal	with	various	technical	points:

round	2-sphere

scale	factor

foliation	of	scri

Extended	BMS round	2-sphere ,																					mero	CKV
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Some	technical	details	of	the	BMSW	group

In	particular	this	shows	that	the	BMSW	vectors	are	not	asymptotic	Killing	vectors	of	the	flat	
Minkowski	metric	
They	provide	asymptotic	symmetries	in	a	more	general	sense,	wrt	a	smaller	background	structure

where q = det qAB. This gauge-fixing allows one to study the limit to future null infinity
taking r ! 1. The original BMS boundary conditions, or fall-o↵ conditions, are [87, 88]

gur = �1 +O(r�2), guA = O(1), guu = �1 +O(r�1), qAB =
�
qAB +O(r�1), (2.24)

where
�
qAB is the metric of the round 2-sphere. We wish to consider more relaxed boundary

conditions, with the goal of finding a larger extension of the BMS group. To that end, we
keep the first two conditions in (2.24), but allow for an arbitrary leading order metric q̄AB

in the last. The asymptotic form of the Einstein’s equations then requires to relax also the
condition on guu for consistency. Accordingly, our proposal is

gur = �1 +O(r�2), guA = O(1), guu = O(1), qAB = O(1). (2.25)

From these asymptotic conditions, the metric coe�cients have the following fall-o↵ behavior,
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r
+ o(r�1) , (2.26a)
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r2
+ o(r�2) , (2.26b)
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+ o(r�3) , (2.26c)

qAB = q̄AB +
1
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CAB +
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q̄ABCCDC

CD

◆
+

1

r3
EAB + o(r�3). (2.26d)

All functions here depend a priori on the 2-sphere coordinates and on retarded time u. M
is the Bondi mass aspect, and the asymptotic expansion of UA is chosen to insure that the
momentum aspect P̄A is the BMS Noether charge associated with super-Lorentz transforma-
tions; more on this below. The 2d tensors (CAB, DAB, EAB) are symmetric and traceless as a
consequence of the determinant gauge condition. The tensor CAB is (twice) the asymptotic
shear of the null geodesic congruence. The tensor DAB is known to vanish if we demand
smooth fall o↵, namely absence of logarithm terms (see, e.g., [6]). We will follow this as-
sumption in this paper, and thus set from now on DAB = 0. The tensor EAB appears as the
dominant term in the expansion of one of the components of the Weyl tensor, see App. D.

Notice that the asymptotic expansion of the metric coe�cients listed above is consistent
to inverse cubic order. To see this one assigns a notion of conformal weight which is such
that [r] = �1 and [ds2] = �2. This implies that [qAB] = 0, [UA] = 0 and [CAB] = 1 while
[F ] = 2, [�] = 1. This means that to achieve a cubic order expansion we only need to expand
F to order r�1 since [M ] = 3 and similarly we only need to expand � to order r�2.

Indices in the asymptotic expansion are raised and lowered using the leading order metric
q̄AB. We denote D̄A and R̄ABCD the associated covariant derivative and Riemann tensor.
With this expansion, the asymptotic Einstein’s equations give the following relations for the
leading order terms (see section (8) below for details)

@uq̄AB = 0 , EF̄ := R̄� 4F̄ = 0 , (2.27a)

E�̄ := �̄ +
1

32
CABC

AB = 0, EŪA := ŪA +
1

2
D̄BC

AB = 0. (2.27b)

11

<latexit sha1_base64="J9PhuqQFbFp9FZq5p06ZQ8pZrDY="></latexit>

⇠̄T,Y := T@u + Y A@A +
1

2
D · Y (u@u � r@r)

<latexit sha1_base64="Uy8ACt6lt/mDZ06LYZb2In2ZlWs="></latexit>

BMS = SL(2,C)nRS

We	relax	the	original	BMS	conditions

where q = det qAB. This gauge-fixing allows one to study the limit to future null infinity
taking r ! 1. The original BMS boundary conditions, or fall-o↵ conditions, are [87, 88]

gur = �1 +O(r�2), guA = O(1), guu = �1 +O(r�1), qAB =
�
qAB +O(r�1), (2.24)

where
�
qAB is the metric of the round 2-sphere. We wish to consider more relaxed boundary

conditions, with the goal of finding a larger extension of the BMS group. To that end, we
keep the first two conditions in (2.24), but allow for an arbitrary leading order metric q̄AB

in the last. The asymptotic form of the Einstein’s equations then requires to relax also the
condition on guu for consistency. Accordingly, our proposal is

gur = �1 +O(r�2), guA = O(1), guu = O(1), qAB = O(1). (2.25)

From these asymptotic conditions, the metric coe�cients have the following fall-o↵ behavior,
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All functions here depend a priori on the 2-sphere coordinates and on retarded time u. M
is the Bondi mass aspect, and the asymptotic expansion of UA is chosen to insure that the
momentum aspect P̄A is the BMS Noether charge associated with super-Lorentz transforma-
tions; more on this below. The 2d tensors (CAB, DAB, EAB) are symmetric and traceless as a
consequence of the determinant gauge condition. The tensor CAB is (twice) the asymptotic
shear of the null geodesic congruence. The tensor DAB is known to vanish if we demand
smooth fall o↵, namely absence of logarithm terms (see, e.g., [6]). We will follow this as-
sumption in this paper, and thus set from now on DAB = 0. The tensor EAB appears as the
dominant term in the expansion of one of the components of the Weyl tensor, see App. D.

Notice that the asymptotic expansion of the metric coe�cients listed above is consistent
to inverse cubic order. To see this one assigns a notion of conformal weight which is such
that [r] = �1 and [ds2] = �2. This implies that [qAB] = 0, [UA] = 0 and [CAB] = 1 while
[F ] = 2, [�] = 1. This means that to achieve a cubic order expansion we only need to expand
F to order r�1 since [M ] = 3 and similarly we only need to expand � to order r�2.

Indices in the asymptotic expansion are raised and lowered using the leading order metric
q̄AB. We denote D̄A and R̄ABCD the associated covariant derivative and Riemann tensor.
With this expansion, the asymptotic Einstein’s equations give the following relations for the
leading order terms (see section (8) below for details)

@uq̄AB = 0 , EF̄ := R̄� 4F̄ = 0 , (2.27a)

E�̄ := �̄ +
1

32
CABC

AB = 0, EŪA := ŪA +
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2
D̄BC

AB = 0. (2.27b)
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Therefore the commutator of the field transformations they generate is given by the modified
Lie bracket (2.12), which in general yields an algebroid. To prove this point, we look at the
leading order of the BMSW vector fields on I. It is given by

⇠̄(⌧,Y ) := ⌧@u + Y A@A � ⌧̇r@r , (4.11)

or equivalently
⇠̄(T,W,Y ) := T@u + Y A@A +W (u@u � r@r). (4.12)

These vector fields are elements of the automorphism group of a line bundle P ! I over I
that we call the scale bundle. The translation along the fiber of P is given by the conformal
rescaling operation and the asymptotic vector field is an element of its automorphism group,
⇠̄(⌧,Y ) = ⇠̄(T,W,Y ) 2 Aut(P ). At the infinitesimal level the conformal rescaling is implemented
on I by the operator r@r.

The two expressions (4.11), (4.12) give two di↵erent interpretations of the same vector
field: in the first expression we see that ⌧ labels linear time reparametrization while ⌧̇ labels
a Weyl rescaling. In the second expression we see that T labels super-translation, while W
labels a super-boost transformation which preserves the normal metric 2dudr. Demanding
that the boundary symmetry algebra is a Lie algebra, and not an algebroid, means that we
have to impose that ⇠̄(⌧,Y ) is field independent, i.e., �⌧ = �Y = 0. These conditions mean
that

J⇠̄(⌧1,Y1), ⇠̄(⌧2,Y2)K = [⇠̄(⌧1,Y1), ⇠̄(⌧2,Y2)]Lie . (4.13)

The vector fields ⇠̄(⌧,Y ) are the generators of the boundary symmetry group. Their Lie
commutators give ⇥

⇠̄(⌧1,Y1), ⇠̄(⌧2,Y2)

⇤
Lie

= ⇠̄(⌧12,Y12) , (4.14)

where

⌧12 := ⌧1⌧̇2 � ⌧2⌧̇1 + Y1[⌧2]� Y2[⌧1] , Y12 := [Y1, Y2]Lie . (4.15)

We thus see that, in the (⌧, Y ) basis, the infinitesimal generators of the BMSW group at
leading order in the Taylor expansion form a Lie algebra given by the semi-direct sum

bmsw := di↵(S) i RS
u , (4.16)

with RS
u denoting functions on the sphere S which are linear in time with a bracket given

by the Witt bracket.11 Quite remarkably,12 the bmsw symmetry algebra was shown to
be the symmetry algebra preserving the so-called intrinsic structure13 of any finite null
surface in [30]. This intrinsic structure can be understood as a thermal Carroll structure.

11
G

S
refers to the set of maps from S to the group G. Ru can also be identified with the subalgebra ⌧@u

of di↵eomorphisms of R which are linear in u.
12
We thank A. Speranza for bringing this result to our attention.

13
An intrinsic structure on a null surface N is an equivalence class of pairs (n,) where n = n

a
@a is a

null generator of N and  is the null surface gravity. The equivalence relation is under rescaling of the null

generator given by

n ! e
�
n,  ! e

�
(+ Ln�). (4.17)

These transformations insure that the operator Ln +  transforms tensorially.
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Advantages	of	the	BMSW	extension

•Includes	all	other	symmetries	as	subcases	
•matches	the	algebra	of	quasi-local	observables	
•disentangles	diffeos	and	Weyl	rescalings	of	the	2-sphere

A	new,	precise	motivation	to	enlarge	the	asymptotic	symmetry,	uncovered	from	our	work:		
there	is	a	deep	interplay	between	dynamics	and	the	symmetry	algebra

•The	surface	charges	provide	a	representation	of	the	algebra	on-shell	of	the	field	equations	
•Conversely,	requiring	a	representation	of	the	algebra	imposes	the	Einstein’s	equations	
But	how	many	of	them?	the	larger	the	algebra,	the	more	of	the	ten	equations	can	be	derived

Original	BMS	:	only	1	equation!	(The	Bondi	energy	loss)	
Generalized	BMS	:	3	equations	(The	energy	and	angular	momentum	loss	formulas)	
Our	new	Weyl	BMS	:	8	equations
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FIG. 1: A depiction of future null infinity, I+ (in light blue) that constitutes the future boundary
of space-time and has topology S2⇥R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersects I+ in a 2-sphere cross-section. The null tetrad (`a, na

,m
a
, m̄

a) and
the metric qab on r = const 2-spheres in the interior have limits ˚̀a, n̊a

, m̊
a
, ˚̄ma and q̊ab respectively

on I+. The figure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then `

a is shear-free. In asymptotically
Minkowskian spacetimes, shear � of `a falls-o↵ as 1/r2 and

�
�(u, ✓,') := � lim

r!1
r
2
�
m

a
m

bra`b

�
⌘ (h�

+ + ih
�
⇥)(u, ✓,') (2.2)

is well-defined on I+, where, in the last step we have expressed �
� in terms of the commonly

used waveforms h�
+ ⌘ rh+ and h

�
⇥ ⌘ rh⇥. (Because of the ‘ma

m
b’ factor, �� has spin weight

+2, while the more commnonly used combination h
�
+ � ih

�
⇥ = �̄

� has spin-weight -2.) The
shear tensor ��

ab at I
+, given by

�
�
ab(u, ✓,') = �

�
�
� ˚̄ma˚̄mb + �̄

�
m̊am̊b

�
(u, ✓,'), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I+ –i.e. satisfies
�
�
abn̊

a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative
modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news

Representation	of	the	charge	algebra	in	phase	space

How	do	we	construct	a	phase	space	when	dofs	are	being	radiated	away?	

Constructing	this	bracket	representation	of	the	charge	
algebra	require	solving	a	non	trivial	problem:



Potential	for	physical	predictions

Extending	the	symmetry	also	means	potentially	new	memory	effects	
The	extension	from	BMS	to	generalized	BMS	has	already	been	shown	to	lead	to	new	memory	
effects;	How	about	the	Weyl	BMS	group?		
We	don’t	know	yet,	but	we	have	a	few	years	to	figure	it	out:	memory	is	broadcasted	to	be	observed	
in	the	next	decade	through	piling	up	LIGO/Virgo	data	and	through	LISA	

potential	physical	predictions

links	to	a	specific	notion	of	holography

implications	for	quantum	gravity mathematical	general	relativity

study	of	asymptotic	symmetries	
and	surface	charges

dual	charges

Why	the	question	mark:	New	symmetries	of	GR	?	
We	have	identified	a	new	class	of	symmetries	associated	with	weaker	mathematical	b.c.,	
but	whether	they	are	physically	realised	is	still	to	be	seen	
In	any	case,	it	is	an	area	of	study	that	seats	at	a	beautiful	crossroad:

entanglement	of	
subregions


