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Understanding glass formation is a challenge, because the existence of a true
glass state, distinct from liquid and solid, remains elusive: Glasses are liquids that
have become too viscous to flow. An old idea, as yet unproven experimentally, is
that the dynamics becomes sluggish as the glass transition approaches, because
increasingly larger regions of the material have to move simultaneously to allow
flow. We introduce new multipoint dynamical susceptibilities to estimate
quantitatively the size of these regions and provide direct experimental evidence
that the glass formation of molecular liquids and colloidal suspensions is ac-
companied by growing dynamic correlation length scales.

Why does the viscosity of glass-forming

liquids increase so dramatically when ap-

proaching the glass transition? Despite dec-

ades of research, a clear explanation of this

phenomenon, common to materials as diverse

as molecular glasses, polymers, and colloids,

is still lacking (1, 2). The conundrum is that

the static structure of a glass is indistin-

guishable from that of the corresponding

liquid, with no sign of increasing static

correlation length scales accompanying the

glass transition. Numerical simulations per-

formed well above the glass temperature, T
g
,

reveal instead the existence of a growing

dynamic length scale (3–7 ) associated with

dynamic heterogeneities (8). Experiments

(8–12) have indirectly suggested a character-

istic length scale of about 5 to 20 molecular

diameters at T
g
, but its time and temperature

dependencies, which are crucial for relating

this finding to the glass transition, were not

determined.

We present quantitative experimental ev-

idence that glass formation in molecular

liquids and colloids is accompanied by at

least one growing dynamic length scale. We

introduce experimentally accessible multi-

point dynamic susceptibilities that quantify

the correlated nature of the dynamics in glass

formers. Because these measurements can be

made using a wide variety of techniques in

vastly different materials, a detailed charac-

terization of the microscopic mechanisms

governing the formation of amorphous glassy

states becomes possible.

Supercooled liquids are believed to exhibit

spatially heterogeneous dynamics over length

scales that grow when approaching the glass

state (1, 13–15). This heterogeneity implies

the existence of significant fluctuations of the

dynamics, because the number of indepen-

dently relaxing regions is reduced. Numerical

simulations have focused on a Bfour-point[
dynamic susceptibility c

4
(t), which quantifies

the amplitude of spontaneous fluctuations

around the average dynamics (3–7). The

latter is usually measured through ensemble-

averaged correlators, F(t) 0 bdA(t)dA(0)À 0
bC(t)À, where dA(t) 0 A(t) – bAÀ represents the

spontaneous fluctuation of an observable

A(t), such as the density. Dynamic correlation

leads to large fluctuations of C(t), measured

by c
4
(t) 0 NbdC2(t)À, where N is the number

of particles in the system. The susceptibility

c
4
(t) typically presents a nonmonotonic time

dependence with a peak centered at the liquid_s
relaxation time (16). The height of this peak is

proportional to the volume within which

correlated motion takes place (4, 5, 15, 16).

Unfortunately, numerical findings are limited

to short time scales (È10j7 s) and temper-

atures far above T
g
. Experimentally, detecting

spontaneous fluctuations of dynamic correla-

tors remains an open challenge, because

dynamic measurements have to be resolved in

both space and time (17).

Induced fluctuations are more easily ac-

cessible experimentally than spontaneous

ones and can be related to one another by

fluctuation-dissipation theorems. We intro-

duce a dynamic susceptibility defined as the

response of the correlator F(t) to a per-

turbing field x.

cx ðtÞ 0
¯FðtÞ
¯x

ð1Þ

The relaxation time of supercooled liquids

increases abruptly upon cooling, so a rele-

vant perturbing field is temperature, in

which case Eq. 1 becomes c
T

(t) 0 ¯F(t)/¯T.

Density also plays a role in supercooled

liquids, although a less crucial one (18).

Hence, another interesting susceptibility is

c
P
(t) 0 ¯F(t)/¯P, where P is the pressure.

Colloidal hard spheres undergo a glass

transition (19) at high particle volume frac-

tion 8. Thus, the appropriate susceptibility

for colloids is c8 (t) 0 ¯F(t)/¯8. Equation 1

also applies in the frequency domain,

cxðwÞ 0 ¯F̃ðwÞ=¯x, where F̃ðwÞ can be the

dielectric susceptibility. We will show below

that linear response formalism and fluc-

tuation theory can be used to relate c
x
(t) to

the spontaneous fluctuations of C(t), and thus

to c
4
(t). Thus, c

x
(t) is an experimentally

accessible multipoint dynamic susceptibility

that directly quantifies dynamic heterogene-

ity in glass formers.

For molecular liquids, the dynamics con-

serves energy, volume, and number N of par-

ticles, and one can establish, in the NPT

ensemble relevant for experiments, the fol-

lowing fluctuation-dissipation theorem

kBT 2cT ðtÞ 0 NbdCðtÞdHð0ÞÀ ð2Þ

where k
B

is the Boltzmann constant, H(t) the

fluctuating enthalpy per particle, and C(t) the

instantaneous value of a generic dynamic cor-

relator F(t). Both C(t) and H(t) are sums over

local contributions (20), NC(t) 0 rXd3rc(r,t)

and NHðtÞ 0 r
ffiffiffiffiffiffiffiffiffi
kBcP

p
T Xd3rĥhðr; tÞ. Here, r is

the average number density, c
P

the constant

pressure specific heat that sets the scale of

the enthalpy fluctuations, bdH2À 0 k
B
c

P
T 2, so

that the field ĥðr; tÞ has unit variance. Using

translational invariance, Eq. 2 can be rewrit-

ten as:

ffiffiffiffiffi
kB

cP

r
TcT ðtÞ 0 rXd3r dcðr; tÞdĥð0; 0Þ

� �
ð3Þ

This expression shows that c
T

(t) directly

probes the range of spatial correlations

between local fluctuations of the dynamics

and that of the enthalpy. In the case of

colloids, the dynamics only conserves densi-

ty, and a similar expression can be obtained

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rkBTkT

p
8c8ðtÞ0 rXd3r

D
dcðr; tÞdr̂ð0; 0Þ

E
ð4Þ

where k
T

is the isothermal compressibility

and dr̂ denotes density fluctuations rescaled

by their root mean square.

Equations 3 and 4 show that c
x
(t) probes the

extent of spatial dynamic correlations that differ

from the ones studied in earlier theoretical and

numerical works, which focused instead on

1Laboratoire des Colloı̈des, Verres, et Nanomatériaux,
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c
4
(t) 0 rXd3rbdc(r,t) dc(0,t)À. We have, howev-

er, established a direct relation between c
x
(t)

and c
4
(t) by using the thermodynamic formal-

ism developed in (21), which is generically

applicable to bulk glass formers above the glass

transition. For dynamics conserving energy and

volume, we relate the fluctuations of C(t), and

therefore c
4
(t) measured in the NPT ensemble,

to its isobaric-isoenthalpic counterpart, c
4
NPH(t),

which quantifies the amplitude of the fluctua-

tions of C(t) in the NPH ensemble in which all

configurations have exactly the same enthalpy:

c
4
(t) 0 c

4
NPH(t) þ k

B
T2c

T
2(t)/c

P
. Because

c
4
NPH(t) 9 0, one derives an experimentally

measurable rigorous lower bound (22) for c
4
(t).

c4ðtÞ Q
kB

cP

T 2c2
T ðtÞ ð5Þ

A similar inequality holds between c
4
(w) and

c
T
(w), where c

4
(w) denotes the amplitude of

spontaneous fluctuations around F̃ðwÞ. Similar

arguments also apply to c
4
(t), computed in the

NVT ensemble preferred in numerical simula-

tions. In that case, energy replaces enthalpy in

Eqs. 2 and 3, and the specific heat at constant

volume, c
V
, replaces c

P
in Eq. 3 and relation 5.

Finally, we find that an inequality similar to

relation 5 holds for colloidal systems, for which

the volume and the number of particles are

conserved quantities.

c4ðtÞ Q rkBTkT8
2c2

8ðtÞ ð6Þ

We have determined c
x
(t) experimentally and

numerically in three representative glass for-

mers. For supercooled glycerol near T
g
, 185 K,

the real part of the dielectric susceptibility,

e¶(w), was measured every 1 K in the tem-

perature range from 192 to 232 K. After fit-

ting to a Havriliak-Negami form (1), we use

smoothed finite differences to evaluate c
T

(w) 0
¯Ee¶(w)/e¶(0)^/¯T and show in Fig. 1A the right

side of relation 5 as a function of inverse

frequency. We plot in Fig. 1B the right side of

relation 6 for hard sphere colloids where c8 (t) 0
¯f(q,t)/¯8. The normalized intermediate scat-

tering function (20) f(q,t) is measured by dy-

namic light scattering (23) for a wave vector q

close to the first peak of the static structure

factor. Several packing fractions are studied,

from diluted samples where f (q,t) decays expo-

nentially in È1 ms to concentrated suspensions

with a two-step decay and a final relaxation

time of È10 s. Finite differences of data sets

obtained for nearby 8 are used to deduce c8(t).

Finally, we show in Fig. 1C numerical data

obtained by standard molecular dynamics sim-

ulations of a binary Lennard-Jones mixture, a

well-studied model for fragile supercooled

liquids (24, 25). The dynamics is recorded at

nearby temperatures through the self part of

the intermediate scattering function, whose char-

acteristic decay time spans a range from 1 ps

to 100 ns Eusing Argon units (24, 25)^.
Dynamical susceptibilities behave similarly

in all three cases. All display a peak for t , ta,

the average relaxation time. The peak height

increases when the glass transition is ap-

proached. This behavior represents the central

result of our work. Together with Eqs. 3 to 6, it

provides direct evidence of enhanced dynamic

fluctuations and a growing dynamic length

scale associated with the glass transition.

How tight the bounds of relations 5 and 6

are depends on the specific material and range

of parameters studied. A quantitative answer is

given by simulations where the microcanonical

quantity c
4
micro(t), i.e., the difference between

c
4
(t) in the NVT ensemble and k

B
T2c

T
(t)/c

V
,

can be easily measured. For the Lennard-Jones

mixture, we find that the right side of relation

5 is much smaller than c
4
(t) at high T, but

the difference rapidly diminishes when T de-

creases. Both sides of relation 5 become com-

parable for the lowest temperature shown in

Fig. 1C, which is still well above T
g
. Follow-

ing (26), we also find that mode-coupling

theory predicts c
4
(t) È c

T
2(t) È (T/T

c
j1)j2

near the mode-coupling singularity T
c
9 T

g
,

provided that conserved variables are properly

taken into account.

These results support the idea that relation 5

can be used as an equality to quantitatively es-

timate c
4
(t) at low temperature, at least for

fragile systems. This use of relation 5 is equiv-

alent to assuming that dynamic heterogeneity

in molecular liquids is strongly correlated with

enthalpy fluctuations and, through a similar ar-

gument, with density fluctuations in colloids. In

fact, supposing that enthalpy is the only source

of fluctuations, dC , (¯C/¯T )
P

dH/c
P

, and if

we use the definition of c
P
, we obtain directly

that c
4
(t) , k

B
T2c

T
2(t)/c

P
. A more general

result can be obtained by taking into account

that energy and density are both fluctuating

quantities, in which case c
4
(t) is the sum of

two contributions: c
4
(t) , k

B
T 2c

T
2(t)/c

V
þ

rk
B
Tk

T
r2cr

2(t). The second term is negligi-

ble in most fragile liquids (18) but dominates

in colloidal systems. The presence of addition-

Fig. 1. Dynamic sus-
ceptibilities in ‘‘c4
units,’’ right side of
relations 5 and 6 for
three glass formers.
(A) cT(w) was obtained
for 99.6% pure super-
cooled glycerol in a
desiccated Argon envi-
ronment to prevent
water absorption by
using standard capaci-
tive dielectric measure-
ments for 192 K e T e
232 K (Tg , 185 K). (B)
c8(t) was obtained in
colloidal hard spheres by dynamic light scattering. The static prefactor, rkB TkT , was evaluated
from the Carnahan-Starling equation of state (20). From left to right, 8 0 0.18, 0.34, 0.42,
0.46, 0.49, and 0.50. (C) cT(t) was obtained in a binary Lennard-Jones (LJ) mixture by
numerical simulation. From left to right, T 0 2.0, 1.0, 0.74, 0.6, 0.5, and 0.465 [in reduced LJ
units (24, 25)]. Relative errors at the peak are at most about 10% for (A) and (C) and 30%
for (B). For all of the systems, dynamic susceptibilities display a peak at the average
relaxation time whose height increases when the dynamics slows down, which is direct
evidence of enhanced dynamic fluctuations and a growing dynamic length scale.
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al sources of fluctuations justifies that the rig-

orously derived inequality 5 does not hold as

an equality.

Our results for dynamic fluctuations pro-

vide an estimate of the size x of dynamic het-

erogeneity in liquids near T
g
. Because c

4
(t) 0

rXd3r bdc(r,t)dc(0,t)À, this quantity, once di-

vided by the amplitude of the fluctuations at

zero distance, bdc2(0,t)À, defines a correlation

volume. The correlation functions are normal-

ized to unity at t 0 0, so bdc2(0,t)À is on the

order of 1 or smaller. Our simulations indeed

show that in the temperature regime where the

dynamics slows down and on time scales not

much longer than the system relaxation time,

this average is on the order of 1 and displays

extremely weak temperature dependence, as

expected for a local quantity in glass formers.

Thus, the height of the peak in the dynamic

susceptibility, c
4
* , k

B
T2(c

T
*)2/c

P
, yields

directly a correlation volume expressed in mo-

lecular units, c
4
* ; (x/a)z, where a is the mo-

lecular size and c
P

is expressed in units of k
B
.

Numerical (4, 6) and theoretical (6, 15, 16, 26)

works suggest that z , 2 to 4.

A direct comparison between our data and

existing measurements can be performed for

glycerol, where multidimensional nuclear mag-

netic resonance (NMR) experiments show that

x 0 1.3 T 0.5 nm for T 0 199 K (27, 28). As-

suming a simple compact geometry for hetero-

geneities, z 0 3, we estimate that x increases

from 0.9 nm at T 0 232 K to 1.5 nm at 192 K.

Given the assumptions involved in both ap-

proaches, and the uncertainty about numer-

ical prefactors of order unity, the agreement

is remarkable. An important physical conclu-

sion of our work is that dynamic hetero-

geneity is strongly correlated to enthalpy

fluctuations in fragile liquids, although there

is no signature of any static large-scale cor-

relations (3, 6, 15).

For other glass-forming liquids, we obtain

an estimate for x at T
g

by assuming for sim-

plicity that correlators obey time-temperature

superposition, F(t) 0 F (t/ta), and using rela-

tion 5 as an equality. One gets

c�
4ðTgÞ , EF ¶ð1Þ^2 kB

cp

¯ ln ta

¯ ln T
k
Tg

� 	2

ð7Þ

The logarithmic derivative is proportional to the

well-known Bsteepness index[ m, introduced in

the glass literature to characterize the fragility

of glass-forming liquids (29). From reported

values (1, 29) of the quantities appearing in

Eq. 7 and assuming a stretched exponential

form for F (x) 0 exp(jxb), we estimate c
4
*(T

g
)

for different glass-forming liquids in Fig. 2A.

For complex molecules, fluctuations that

are unrelated to the glassy dynamics might

contribute to the specific heat. These effects

may be taken into account by replacing c
P

in

Eq. 7 by Dc
P
, the jump in specific heat at T

g
,

which is sensitive only to the glassy degrees of

freedom. Furthermore, for large molecules, the

molecular size is probably not the relevant

microscopic length scale, and it is sensible to

express the specific heat in units of k
B

per

Bindependent bead[ instead of molecular units

(30). These physical assumptions are used in

Fig. 2B, where we have converted our results

into length scales expressed in bead units, and

they lead to a trend similar to that of the main

plot but with less scatter: Dynamic correlations

revealed by c
T

increase weakly with fragility

(31). This result is compatible with some theo-

retical approaches (32) but contrasts with

others that predict an opposite trend (33).

This discrepancy might arise from the existence

of at least two physically distinct dynamic

length scales, one revealed by c
T

and a second

associated to c
4
. Although we found that both

quantities are comparable for fragile systems,

the bound in relation 5 may underestimate c
4

for strong materials.

To further test our length scale estimate of

Eq. 7, we apply the formula to a polymeric liquid

poly(vinyl acetate) (PVAc) using the monomer

size for a (27). We find x , 2.0 nm at T
g

to be

compared with the value of 3.7 T 1 nm ob-

tained at T
g
þ10K (9, 28) Ewe assume z 0 3

and use the data on PVAc in (9, 28)^. Again,

the agreement is satisfactory. A similar agree-

ment is found for orthoterphenyl and sorbitol,

for which available NMR data are reported in

Fig. 2A. Hence, we find that typical values for

the dynamic correlation length at T
g

obtained

by Eq. 7 are in good agreement with previous

experiments performed near T
g

(1, 8, 9, 26, 34).

However, our approach has a broader scope,

because it allows one to extend experimental

studies of dynamic heterogeneity to a range of

temperatures not previously accessible and to

the full-time dependence of the fluctuations

(Fig. 1). Finally, we remark that even for

(strong) Arrhenius molecular liquids with acti-

vation energy E, relation 5 and time temper-

ature superposition give c
4
*(T) Q (k

B
/c

P
) �

E2/(k
B

T)2, showing that dynamic heterogeneity

must also exist in that case (35), in agreement

with the general argument that for systems

with finite range interactions, diverging time

scales must be accompanied by diverging

length scales.

Our experiments provide a quantitative

demonstration that dynamic correlations and

length scales increase as the glass transition is

approached. More work is needed to character-

ize the time and temperature dependencies of

dynamic fluctuations over a larger range of ma-

terials and parameters. Open issues also concern

the precise space-time geometry of dynamic

heterogeneity that fixes the value of the expo-

nent z and the relation between time scales and

length scales, the connection between coopera-

tivity and heterogeneity, and the extension of our

results to the nonequilibrium aging dynamics

encountered in the glass phase.
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Developmental Plasticity in the
Life History of a

Prosauropod Dinosaur
P. Martin Sander* and Nicole Klein

Long-bone histology indicates that the most common early dinosaur, the
prosauropod Plateosaurus engelhardti from the Upper Triassic of Central
Europe, had variable life histories. Although Plateosaurus grew at the fast
rates typical for dinosaurs, as indicated by fibrolamellar bone, qualitative
(growth stop) and quantitative (growth-mark counts) features of its histology
are poorly correlated with body size. Individual life histories of P. engelhardti
were influenced by environmental factors, as in modern ectothermic reptiles,
but not in mammals, birds, or other dinosaurs.

Virtually all dinosaurs studied to date show a

primary bone type known as fibrolamellar

complex in their long bone wall (1–3). This

bone type indicates fast growth that must have

been sustained by a metabolic rate well above

that of modern reptiles, if not as high as that of

mammals (1–4). Dinosaurs for which such

data are available grow along a species-

specific growth trajectory with little individual

variation in rate of growth and final size

(3, 5–8), as in mammals (9) and birds (10).

Here, we show that the most common early

dinosaur had a life history in which its growth

was affected by environmental factors such as

climate and food availability Edevelopmental

plasticity (11)^.
P. engelhardti is found in several mass

accumulations of medium to large individuals

in the Norian of central Europe, such as

Trossingen (southern Germany) and Frick

(northern Switzerland) (12–15). Plateosaurus

belongs to a group known as prosauropods,

which flourished from the Upper Triassic to

the Lower Jurassic, representing the dominant

herbivores in faunas of this age worldwide

(15). Prosauropod interrelationships are con-

troversial (15–18), but prosauropods and sau-

ropods together form a monophyletic group,

Sauropodomorpha. At a maximum length of

10 m and a corresponding mass of nearly 4

tons, Plateosaurus was one of the larger

bodied prosauropods. Together with some

other prosauropods, this dinosaur was the first

to reach the large body size generally at-

tributed to dinosaurs, and the first high browser

to evolve.

We sampled the histology of long and

girdle bones of P. engelhardti from Trossingen

and Frick (19) (table S1). Plateosaurus long

bones are characterized by a large medullary

cavity (49% to 58% of shaft diameter) and

relatively thin bone walls (Fig. 1). The cortex

is sharply set off from the medullary cavity

with little or no secondary cancellous bone and

rare resorption spaces in the compact bone.

The primary bone of the cortex is dominated

by growth cycles of fibrolamellar bone, ending

in a line of arrested growth (LAG) (Fig. 2).

Vascular canals are primarily circumferential,

and vascularity decreases toward the LAG

(Figs. 1 and 2). Growth-cycle width decreases

substantially toward the outer bone surface

(Fig. 1A). In one group of specimens, fibro-

lamellar bone is the last tissue type to have

been formed (Fig. 2). We assigned the on-

togenetic stage of Bfast growth[ to these

specimens, because fibrolamellar bone deposi-

tion indicates a high growth rate. A strong

decrease in growth rate is documented in the

last bone tissue deposited in many other

specimens, in which growth cycles in fibro-

lamellar bone in the outer cortex become

narrow and less vascularized (Fig. 2). We as-

signed the Bslow growth[ stage to this second

group. A third group of specimens survived

to an even later ontogenetic stage, as evi-

denced by lamellar-zonal bone with closely

spaced LAGs and poor to absent vascular-

ization in the outermost cortex (Fig. 2). This

tissue type is also known as an external funda-

mental system and documents a growth pla-

teau, i.e., that final body size had been reached.

Individuals in this group were thus scored as

Bfully grown.[
Surprisingly, we found such fully grown in-

dividuals virtually across the whole size range

sampled (19). Some individuals had reached

final size at 4.8 m body length (BL), whereas

others attained 10 m BL (Fig. 3). Similarly, the

Bfast growth[ and the Bslow growth[ stages

were also found at widely differing body sizes

(Fig. 3). Size at the slow growth stage is close

to final body size because not much bone

tissue was added to the circumference of the

bone during this stage.

Life history was quantified by applying

skeletochronology to long and girdle bones

(19). We estimate that the youngest specimen

in the sample was 9 years old, whereas the

oldest had reached 26 to 27 years (Fig. 3). This

specimen had attained nearly final size but was

still growing slowly. The minimum age for a

fully grown specimen was 12 years. Howev-

er, in agreement with our observations about
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