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Motivation

• Below 750 GeV, no obvious deviation from the 
SM hitherto.

• Assuming that the Higgs-Yukawa sector has only 
a Gaussian fixed point.  (discuss offline)

• The SM must be replaced by its UV completion.

• The scale for new physics is unknown.

• Triviality of the quartic coupling means higher-
dim operators may play a role.



Motivation 
Do we know the Higgs potential well?

• Textbook thingy 

• How about....  
 
 
 

• Better data in the Higgsicion era.

• Lattice computation can play a role.

Have we really discovered a SM-like Higgs boson?

❖ With the observation of a scalar with properties close to the SM Higgs, we are now confident 
that the interactions of the Higgs boson with gauge bosons and fermions are mainly dictated 
by its kinetic term and Yukawa coupling!

!
❖ Higher-dimensional operators predict relations between the mass of a given particle and its 

coupling to the Higgs that deviate O(1) from the ones derived from the above Lagrangian.!

!
❖ The observation at the LHC of Higgs couplings consistent with the above Lagrangian 

implies that such higher-dimensional operators must be treated as small perturbations.!

!
❖ The situation is however different in what regards the last part of the SM Lagrangian, the 

Higgs potential,

  μ ~88 GeV              λ ~0.13

Higgs Potential: a toy example
❖ Let’s consider the following potential

Higgs Potential: a toy example
❖ Let’s consider the following potential

❖ With this potential the VEV and mass of the Higgs are 
given by,

experimentally
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I. INTRODUCTION

κ ∼ 1
M2

scalar

a → 0

Λ → ∞

g20

g20(a)
a→0
−→ 0, am0

a→0
−→ 0

g2R(µ, a)
a→0
= finite, aMR

a→0
−→ 0 with MR = finite and ≪ Λ.

g20(a)
a→0
−→ finite, am0

a→0
−→ finite

g2R(µ, a)
a→0
= 0, amR

a→0
−→ 0.

g20(a), am0 = arbitrary number.

ξ/a −→ ∞.

ξ → ∞.

ψ =

(

t
b

)

, ϕ =

(

ϕ2 + iϕ1

ϕ0 − iϕ3

)

, ϕ̃ = iτ2ϕ∗.

a2 a−2

λ6 = 0.

v̂ = aϕc = ⟨m̂⟩ =

〈

1

V

∣

∣

∣

∣

∣

∑

x

Φ0
x

∣

∣

∣

∣

∣

〉

. (1)

e−V U(v̂) ∼

∫

DϕDψ̄Dψ δ
(

ϕ0
0 − ϕc

)

e−S[ϕ,ψ̄,ψ], where ϕ0
0 =

1

V

∫

d4x ϕ0. (2)

m̂

λ6 = 0.1 and λ = −0.40

λ6 = 0.001 λ6 = 0

y tuned to have mt = 173 GeV.

tL1/ν −→ tLd/2× logarithms,

c6v2 ∼ 0.17
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What the lattice did in the past…

9

λ̂ Λ [GEV] mresonance
H Γresonance

H Γpert
H mp

H mc
H

0.01 883(1) 0.278(3) 0.0018(14) 0.0054(1) 0.278(2) 0.274(4)

1.0 1503(5) 0.383(6) 0.0169(4) 0.036(8) 0.386(28) 0.372(4)

∞ 1598(2) 0.403(6) 0.037(9) 0.052(2) 0.405(4) 0.403(7)

TABLE I: The results (taken from Ref. [29]) of a study comparing the resonance parameters of the Higgs boson with the results
of fits to the temporal correlation function and momentum space Higgs boson propagator. Errors are statistical only. Except
for the cut-off scale, all the results are in lattice units. The fermion mass is set to be the physical top-quark mass. Results
from three values of the quartic coupling are presented. Also shown are the resonance mass and width from Breit-Wigner fits
to the scattering cross-section. Finally, a perturbative estimate of the resonance width is included. We note that because of
some data losses the error on mp

H at λ̂ = 1.0 is larger than for the other parameters.

B. Results of the Higgs boson mass bounds

We now turn to the results of the Higgs boson mass bound calculations discussed in the previous section. We first
discuss the results of Ref. [28], where the upper and lower bounds were computed at several choices of the cut-off
scale, with the fermion masses at the physical top-quark mass, and also at mf ∼ 676GeV. The main result from
Ref. [28] is shown in Fig. 4. In the left graph, the situation for a SM top quark mass is shown. The right graph shows
the situation for a fermion mass of mf ∼ 676GeV. It can be clearly seen that while the upper bound is relatively
unaffected when using a heavy fermion mass, the lower bound increases substantially.
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FIG. 4: The cut-off dependence of the upper and lower Higgs boson mass bounds for fermion mass at ∼ 173GeV (left) and
∼ 676GeV (right). All data have been extrapolated to infinite volume.

Apart from the cut-off dependence of the bounds at a fixed value of mf , the dependence of the bounds on mf itself
has also been examined at a fixed value of the lattice cut-off [57], the results of which are shown in Fig. 5 (left). We
clearly observe the increase of the lower bound with increasing mf in this figure. In particular, Fig. 5 suggests that
with a Higgs boson mass of ∼ 125GeV, the mass of a mass-degenerate fourth generation of quarks is restricted to be
less than ∼ 350GeV. This is clearly already below the bounds from direct experimental searches.

P. Gerhold and K. Jansen, 2011

* Constraints on the masses of extra-generation fermions from the 125 GeV scalar. 
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The lattice regularisation

• Discrete space-time points.

• Finite-volume.  
 

• Monte-Carlo method to evaluate the path integral,

4

Numerical simulation of pure gauge theory

A basic simulation of pure SU(3) gauge theory is something that by now can
be done already on a modern PC and certainly is a pedagogically valuable
exercise. This section provides the techniques necessary for such a calculation.
It also serves as an introduction to Monte Carlo simulations, although for the
sake of having an easy-to-follow presentation, we concentrate on the simplest
algorithms.

The vacuum expectation value of an observable in the quantized Euclidean
gauge field theory on a lattice is formally given by the functional integral (cf.
(3.1) and (3.2) in Chap. 3)

⟨O⟩ =
1
Z

∫
D[U ] e−SG[U ] O[U ] with Z =

∫
D[U ] e−SG[U ] . (4.1)

However, this expression cannot be evaluated analytically, except for very
small lattices. A Monte Carlo simulation approximates the integral by an
average of the observable evaluated on N sample gauge field configurations
Un, distributed with probability ∝ exp (−S[Un]). The sum1

⟨O⟩ ≈ 1
N

∑

Un with
probability
∝ e−S[Un]

O[Un] (4.2)

is computed for sufficiently many configurations generated by Monte Carlo
algorithms. In this chapter we discuss how such a sequence of configurations
Un can be obtained as a so-called Markov chain. Usually, subsequently pro-
duced gauge configurations are not completely uncorrelated and we discuss
methods how to deal with this problem and address the statistical analysis
of the data. The observables we will consider prominently in this chapter are
Wilson and Polyakov loops. At the end of this chapter the reader will be able
to compute numerically the static potential with error bars.

1For the rest of this chapter we omit the subscript G and denote the gauge action
by S[U ].

Gattringer, C., Lang, C.B.: Numerical Simulation of Pure Gauge Theory. Lect. Notes
Phys. 788, 73–101 (2010)
DOI 10.1007/978-3-642-01850-3 4 c⃝ Springer-Verlag Berlin Heidelberg 2010
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generated with a Markov chain

Finite number of DoF.



The continuum theory

1. Introduction

In this letter we want to investigate the influence of the addition of a dimension-6
operator to a a Higgs-Yukawa model as a limit of the standard model when gauge
fields are switched off. In particular, we consider a complex scalar doublet and one
doublet of mass-degenerate quarks. Our aim is to explore, whether a dimension-6
operator, for which we will employ a (ϕ†ϕ)3-term with a coupling λ6, can alter the
phase structure of the Higgs-Yukawa sector of the standard model (SM) and leads
to modifications of the lower bound of the Higgs boson mass as has been already
observed in ref. [1].

The motivation for adding a (ϕ†ϕ)3-term is twofold. First, since the Higgs-
Yukawa sector of the SM is trivial, the cut-off cannot be removed and hence such
a term is allowed. In addition, if small values of the cut-off of O(1 − 10)TeV are
considered as done in this work, such a term can have a significant effect. Second,
the appearance of a (ϕ†ϕ)3-term can be thought of as arising from an extension of
the SM and studying the system with such a term could provide bounds on the
coupling strengths of such extensions given the value of the Higgs boson mass of
about 126GeV. For phenomenological analysis see e.g. [2, 3].

We use a lattice regularization of the Higgs-Yukawa model which eventually also
allows non-perturbative numerical simulations for large value of λ6. The notion of
an exact lattice chiral symmetry [4] which derives from the Ginsparg-Wilson relation
[5] allowed to emulate the continuum Higgs-Yukawa sector of the standard model
on a discrete Euclidean lattice. To this end, the overlap operator [6, 7] as a local [8]
lattice Dirac operator has been employed to study the phase structure of the lattice
theory [9, 10], derive lower and upper Higgs boson mass bounds [11, 12, 13, 14] and
to analyze the Higgs boson resonance non-perturbatively [15]. For a review, see [16].

For our investigations we will perform analytical calculations of the phase struc-
ture of the model by computing the constraint effective potential (CEP) [17] within
1-loop lattice perturbation theory employing the chiral invariant lattice formulation
of the Higgs-Yukawa model. Using the same lattice framework we then perform
simulations to determine the phase structure and compare the numerically obtained
results to our analytical predictions. In addition, we will provide first results for
the lower Higgs boson mass bounds as obtained from the analytical, perturbative
calculations of the CEP.

2. Basic definitions

In this work, we restrict ourselves to the case of one fermion doublet Ψ = (t, b)T

with mass degenerate quarks. The scalar fields are a complex doublet ϕ. In the
continuum notation the action is given by:

Scont[ψ̄,ψ,ϕ] =

∫

d4x

{

1

2
(∂µϕ)

† (∂µϕ) +
1

2
m2

0ϕ
†ϕ+ λ

(

ϕ†ϕ
)2

+ λ6
(

ϕ†ϕ
)3
}

+

∫

d4x
{

t̄/∂t+ b̄/∂b+ y
(

ψ̄Lϕ b
R
+ ψ̄Lϕ̃ t

R

)

+ h.c.
}

, (1)

2

Note: degenerate Yukawa couplings 
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The lattice theory
with ϕ̃ = iτ2ϕ∗. Besides the standard bare parameters m2

0 and λ for the Higgs po-

tential and y for the Yukawa coupling, we added the dimension-6 operator λ6
(

ϕ†ϕ
)3

to the action.
For the numerical implementation of this model we us a polynomial hybrid Monte

Carlo algorithm[18] with dynamical overlap fermions, see ref. [19] for details. On the
lattice, it is convenient to rewrite the bosonic part of the action in an Ising model
like way:

SB[Φ] = −κ
∑

x,µ

Φ†
x [Φx+µ + Φx−µ] +

∑

x

(

Φ†
xΦx + λ̂

[

Φ†
xΦx − 1

]2
+ λ̂6

[

Φ†
xΦx

]3
)

.

(2)
Here the scalar field is represented as a real four-vector and the relation to the
continuum notation is given by:

ϕ =
√
2κ

(

Φ2 + iΦ1

Φ0 − iΦ3

)

, m2
0 =

1− 2λ̂− 8κ

κ
, λ =

λ̂

4κ2
, λ6 =

λ̂6
8κ3

. (3)

As said above, our main goal is the exploration of the phase structure of the model
in presence of the

[

Φ†
xΦx

]3
term with coupling strength λ6. We will distinguish the

different phases by the magnetizationm as the order parameter1. The magnetization
is given by the modulus of the average scalar field and is related to the vacuum
expectation value (vev) via:

m =

〈∣

∣

∣

∣

∣

1

V

∑

x

Φx

∣

∣

∣

∣

∣

〉

, vev =
√
2κ ·m. (4)

For a determination and detailed discussion of the phase structure of the model
for the case of λ6 = 0, we refer to refs. [9, 10].

3. The constraint effective potential

Before resorting to numerical simulations, we studied the phase structure ana-
lytically in lattice perturbation theory for which we employ the constraint effective
potential (CEP) [20, 17]. The CEP U(v̂) is described by the zero mode of the scalar
field corresponding to the vev. The perturbative calculations are done by keeping
explicitly the lattice regularization, i.e. for the fermionic contribution the overlap
operator is used and all sums over lattice momenta are done numerically eventually.
A derivation of such a lattice constrained effective potential can be found in [10, 19].
The CEP up to the first order in λ and λ6 is given by:

U1(v̂) = Uf (v̂) +
m2

0

2
v̂2 + λv̂4 + λ6v̂

6

+ λ · v̂2 · 6(PH + PG) + λ6 ·
(

v̂2 · (45P 2
H + 54PGPH + 45P 2

G) + v̂4 · (15PH + 9PG)
)

.
(5)

1Here we are only interested in transitions between the symmetric and the spontaneously broken
phases and thus will not consider the staggered magnetization [9, 10].

3

• Bosonic component:  
 
 
 
 
 
 

• Fermionic component:  the overlap fermions.
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with ϕ̃ = iτ2ϕ∗. Besides the standard bare parameters m2
0 and λ for the Higgs po-

tential and y for the Yukawa coupling, we added the dimension-6 operator λ6
(

ϕ†ϕ
)3

to the action.
For the numerical implementation of this model we us a polynomial hybrid Monte

Carlo algorithm[18] with dynamical overlap fermions, see ref. [19] for details. On the
lattice, it is convenient to rewrite the bosonic part of the action in an Ising model
like way:

SB[Φ] = −κ
∑

x,µ

Φ†
x [Φx+µ + Φx−µ] +

∑

x

(

Φ†
xΦx + λ̂

[

Φ†
xΦx − 1

]2
+ λ̂6

[

Φ†
xΦx

]3
)

.

(2)
Here the scalar field is represented as a real four-vector and the relation to the
continuum notation is given by:

ϕ =
√
2κ

(

Φ2 + iΦ1

Φ0 − iΦ3

)

, m2
0 =

1− 2λ̂− 8κ

κ
, λ =

λ̂

4κ2
, λ6 =

λ̂6
8κ3

. (3)

As said above, our main goal is the exploration of the phase structure of the model
in presence of the

[

Φ†
xΦx

]3
term with coupling strength λ6. We will distinguish the

different phases by the magnetizationm as the order parameter1. The magnetization
is given by the modulus of the average scalar field and is related to the vacuum
expectation value (vev) via:

m =

〈∣

∣

∣

∣

∣

1

V

∑

x

Φx

∣

∣

∣

∣

∣

〉

, vev =
√
2κ ·m. (4)

For a determination and detailed discussion of the phase structure of the model
for the case of λ6 = 0, we refer to refs. [9, 10].

3. The constraint effective potential

Before resorting to numerical simulations, we studied the phase structure ana-
lytically in lattice perturbation theory for which we employ the constraint effective
potential (CEP) [20, 17]. The CEP U(v̂) is described by the zero mode of the scalar
field corresponding to the vev. The perturbative calculations are done by keeping
explicitly the lattice regularization, i.e. for the fermionic contribution the overlap
operator is used and all sums over lattice momenta are done numerically eventually.
A derivation of such a lattice constrained effective potential can be found in [10, 19].
The CEP up to the first order in λ and λ6 is given by:

U1(v̂) = Uf (v̂) +
m2

0

2
v̂2 + λv̂4 + λ6v̂

6

+ λ · v̂2 · 6(PH + PG) + λ6 ·
(

v̂2 · (45P 2
H + 54PGPH + 45P 2

G) + v̂4 · (15PH + 9PG)
)

.
(5)

1Here we are only interested in transitions between the symmetric and the spontaneously broken
phases and thus will not consider the staggered magnetization [9, 10].
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The continuum limit

• Supercomputers only know “pure numbers”.

• All couplings are rescaled to be in lattice units.

• For a theory with asymptotic freedom, with symmetry 
“protecting” the mass, e.g., QCD:  
 
 
 
 
 
 
       Keep lowering the dimensionless bare couplings.

2

I. INTRODUCTION

κ ∼
1

M2

scalar

a → 0

Λ → ∞

g
2
0

Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.

2

I. INTRODUCTION

κ ∼
1

M2

scalar

a → 0

Λ → ∞

g
2
0

Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.

and

while

2

I. INTRODUCTION

κ ∼ 1

M2

scalar

a → 0

Λ → ∞

g20

g20(a)
a→0
−→ 0, am0

a→0
−→ 0

g2
R
(a)

a→0

̸= 0, aMR

a→0
−→ 0 with MR = finite and ≪ Λ.

g20(a)
a→0
−→ ∞, am0

a→0
−→ 0

g2
R
(a)

a→0
= 0, aMR

a→0
−→ 0 with MR = 0.

g20(a) = arbitrary number.

Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.

2

I. INTRODUCTION

κ ∼
1

M2

scalar

a → 0

Λ → ∞

g20

g20(a)
a→0
−→ 0, am0

a→0
−→ 0

g2
R
(µ, a)

a→0
= finite, aMR

a→0
−→ 0 with MR = finite and ≪ Λ.

g20(a)
a→0
−→ ∞, am0

a→0
−→ finite

g2
R
(a)

a→0
= 0, amR

a→0
−→ 0.

g20(a), am0 = arbitrary number.

ξ/a −→ ∞.

ξ → ∞.

Acknowledgments

The authosr thank people for very useful discussions. This work is supported by grants.



The continuum limit

• A trivial theory w/o symmetry to “protect” the mass:  
 
 
 
 

• In practice, we input the bare coupling:  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Scanning in bare couplings, and keep the cut-off.
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The continuum limit

• The key point is the separation of the scales.

• It can be achieved at 2nd-order bulk phase transitions:  

• Condensed matter physics:  

• For our purpose:  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The constraint effective potential

• Phase structure is probed using the Higgs vev,  
 

• The constraint effective potential is a useful tool,  
 
 
 
 

• Analytically calculated in perturbation theory.

• Numerically obtained by histograming     .  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The constraint effective potential

with ϕ̃ = iτ2ϕ∗. Besides the standard bare parameters m2
0 and λ for the Higgs po-

tential and y for the Yukawa coupling, we added the dimension-6 operator λ6
(

ϕ†ϕ
)3

to the action.
For the numerical implementation of this model we us a polynomial hybrid Monte

Carlo algorithm[18] with dynamical overlap fermions, see ref. [19] for details. On the
lattice, it is convenient to rewrite the bosonic part of the action in an Ising model
like way:

SB[Φ] = −κ
∑

x,µ

Φ†
x [Φx+µ + Φx−µ] +

∑

x

(

Φ†
xΦx + λ̂

[

Φ†
xΦx − 1

]2
+ λ̂6

[

Φ†
xΦx

]3
)

.

(2)
Here the scalar field is represented as a real four-vector and the relation to the
continuum notation is given by:

ϕ =
√
2κ

(

Φ2 + iΦ1

Φ0 − iΦ3

)

, m2
0 =

1− 2λ̂− 8κ

κ
, λ =

λ̂

4κ2
, λ6 =

λ̂6
8κ3

. (3)

As said above, our main goal is the exploration of the phase structure of the model
in presence of the

[

Φ†
xΦx

]3
term with coupling strength λ6. We will distinguish the

different phases by the magnetizationm as the order parameter1. The magnetization
is given by the modulus of the average scalar field and is related to the vacuum
expectation value (vev) via:

m =

〈∣

∣

∣

∣

∣

1

V

∑

x

Φx

∣

∣

∣

∣

∣

〉

, vev =
√
2κ ·m. (4)

For a determination and detailed discussion of the phase structure of the model
for the case of λ6 = 0, we refer to refs. [9, 10].

3. The constraint effective potential

Before resorting to numerical simulations, we studied the phase structure ana-
lytically in lattice perturbation theory for which we employ the constraint effective
potential (CEP) [20, 17]. The CEP U(v̂) is described by the zero mode of the scalar
field corresponding to the vev. The perturbative calculations are done by keeping
explicitly the lattice regularization, i.e. for the fermionic contribution the overlap
operator is used and all sums over lattice momenta are done numerically eventually.
A derivation of such a lattice constrained effective potential can be found in [10, 19].
The CEP up to the first order in λ and λ6 is given by:

U1(v̂) = Uf (v̂) +
m2

0

2
v̂2 + λv̂4 + λ6v̂

6

+ λ · v̂2 · 6(PH + PG) + λ6 ·
(

v̂2 · (45P 2
H + 54PGPH + 45P 2

G) + v̂4 · (15PH + 9PG)
)

.
(5)

1Here we are only interested in transitions between the symmetric and the spontaneously broken
phases and thus will not consider the staggered magnetization [9, 10].

3

To obtain the potential U1 in eq. (5) the non-zero modes of the bosonic fields
were integrated out. The contribution considered as bosonic kernel comes from the
terms

Sgauss
1 [h, gα] =

1

2

∑

p ̸=0

(

h̃−p

(

p̂2 +m2
0

)

hp +
∑

α

g̃α−p

(

p̂2 +m2
0

)

g̃αp

)

(12)

in the action with h and gα denoting the Higgs and Goldstone fields. This leads to
the propagator sum given in eq. (8) and a determinant which is independent of v̂
and was therefore neglected in the CEP U1.

Another ansatz is to collect terms that are quadratic in the bosonic non-zero
modes from the self interaction:

Sgauss
2 [h, gα] =

1

2

∑

p ̸=0

(

h̃−p

(

p̂2 +m2
0 + 12λv̂2 + 30λ6v̂

4
)

h̃p

+
∑

α

g̃α−p

(

p̂2 +m2
0 + 4λv̂2 + 6λ6v̂

4
)

g̃αp

)

. (13)

This approach yields a bosonic determinant which can no longer be neglected for
the potential, since it is explicitly dependent on the zero mode. Further, at first
order in λ and λ6 of perturbation theory, the propagator sums and combinatorial
factors change,

U2(v̂) = Uf(v̂) +
m2

0

2
v̂2 + λv̂4 + λ6v̂

6

+
1

2V

∑

p ̸=0

log
[

(

p̂2 +m2
0 + 12λv̂2 + 30λ6v̂

4
)

·
(

p̂2 +m2
0 + 12λv̂2 + 30λ6v̂

4
)3
]

+ λ
(

3 P̃ 2
H + 6 P̃HP̃G + 15 P̃ 2

G

)

+ λ6v̂
2
(

45 P̃ 2
H + 54 P̃HP̃G + 45 P̃ 2

G

)

+ λ6
(

15 P̃ 3
H + 27 P̃ 2

HP̃G + 45 P̃HP̃
2
G + 105 P̃ 3

G

)

, (14)

with the new propagator sums given by:

P̃H =
1

V

∑

p ̸=0

1

p̂2 +m2
0 + 12v̂2λ+ 30v̂4λ6

, P̃G =
1

V

∑

p ̸=0

1

p̂2 +m2
0 + 4v̂2λ+ 6v̂4λ6

.

(15)
This approach includes logarithmic corrections, leading to the well known problem
that the effective potential may become complex [21] depending on the choice of
the bare parameters (m2

0,λ,λ6), through a negative argument of the logarithm for
a certain certain range of values of v̂ rendering the potential unstable.

We will compare both forms of the potential to our non-perturbative simulation
results. As we will see below, we indeed find parameter sets, where the perturbative
CEP describes the non-perturbative data well, even on a quantitative level. This
will allow us to obtain results for the phase structure of the Higgs-Yukawa model
considered here from the analytical perturbative CEP, where a non-perturbative
simulation is not feasible anymore, i.e. for large lattices or large cut-offs.

5

respectively, for κ = 11760 there are tunneling events between these two values,
typical for a first order phase transition.

From the histogram of the vev with an appropriate binning size, also an effective
potential from the simulation data can be constructed. This has been done in fig. 3b.
The figure demonstrates nicely how the absolute minimum at around v̂ ≈ 0.15
abruptly jumps to v̂ ≈ 0.35 typical for a first order transition.
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Figure 3: The left plot shows the trajectories for some ensembles generated around the first order
phase transition generated on 16 × 32 lattices. The data correspond to λ6 = 0.1 and λ = −0.38.
The right plot shows the corresponding CEP as it was obtained by taking the logarithm of the
histograms of the magnetization. The lines in (b) just serve to guide the eye.
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Figure 4: Here we show the CEP U1 eq. (5) for fixed λ6 = 0.001 and various κ values around
the phase transition. The left plot (λ = −0.0088) shows a second order phase transition for
κ ≈ 0.122715. Note that the effective potential at κ ≈ 0.122764 actually corresponds to a cross-
over transition, see the discussion in the text and fig. 5. The right hand plot (λ = −0.0089) also
has a second order transition at κ ≈ 0.12271 and a first order transition κ ≈ 0.1227565

Given the fact that for small values of λ6 the effective potentials describes the
simulation data satisfactory on a quantitative level, it can be utilized to investigate
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The fermionic contribution Uf originates from integrating out the fermions in the
background of a constant field,

Uf (v̂) = −
4

V

∑

p

log

∣

∣

∣

∣

ν+(p) + y · v̂ ·
(

1−
ν+(p)

2ρ

)∣

∣

∣

∣

2

, (6)

with ν±(p) denoting the eigenvalues of the overlap operator corresponding to the
momentum p:

ν±(p) = ρ

⎛

⎝1 +
±i
√

p̃2 + rp̂2 − ρ
√

p̃2 + (rp̂2 − ρ)2

⎞

⎠ , p̂2 = 4
∑

µ

sin2
(pµ
2

)

, p̃2 =
∑

µ

sin2 (pµ) .

(7)
The propagator sums are given by:

PH = PG =
1

V

∑

p ̸=0

1

p̂2 +m2
0

, (8)

which loose their validity when m2
0 ≤ 0. As in [11] m2

0 in the denominators is
replaced by the renormalized masses where the mass of the Goldstone boson is set
explicitly to zero, leading to:

PH =
1

V

∑

p ̸=0

1

p̂2 +m2
H

, PG =
1

V

∑

p ̸=0

1

p̂2
. (9)

We note, that the lattice spacing is set to one implicitly such that, even though we use
the continuum notation, all quantities are dimensionless. Having the analytical form
of the CEP, the vev can be obtained by the (absolute) minimum of the potential. In
order to introduce a physical scale, we set the lattice vev to the phenomenologically
known value of 246 GeV

dU(v̂)

dv̂

∣

∣

∣

∣

v̂=vev

!
= 0, Λ =

246 GeV

vev
. (10)

Further, the squared Higgs boson mass m2
H is determined by the second derivative

of the potential at its minimum,

d2U(v̂)

dv̂2

∣

∣

∣

∣

v̂=vev

= m2
H . (11)

Due to the explicit appearance of the Higgs boson mass in the propagator sum
(9), we have to use an iterative approach in the determination of a solution for the
minimum of the CEP and the Higgs boson mass. To this end, we fix the parameters
m2

0, y, λ and λ6, guess an initial Higgs boson mass and simply iterate eqs. (10,11)
until we find convergence.

4
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4. Results

For the first studies of the phase structure we performed simulations for two
values of λ6 (0.001 and 0.1). Note, that having set the lattice spacing to one λ6
is treated as a dimensionless coupling in eq. (1). constant. For each value of λ6
we choose a set of values for the quartic coupling λ and probe the phase transition
between the symmetric and spontaneously broken phases by scanning in the hopping
parameter κ. Our main interest lies in the understanding of the phase structure in
presence of a λ6 coupling.

Since now a cubic term in Φ†Φ is added, new minima in the effective potential
may appear leading to new phase transitions and which could also alter the order
of the standard second order phase transition of the pure Φ4 theory.

v
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λ = −0.0090

(a) λ6 = 0.001

v
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λ = −0.36
λ = −0.37
λ = −0.38
λ = −0.39

(b) λ6 = 0.1

Figure 1: Here we show a comparison between data obtained from numerical simulations and the
perturbative approaches described in section 3. The plots show the vev as a function of κ while
λ6 is kept fixed to λ6 = 0.001 (left) and λ6 = 0.1 (right). The simulation data are depicted by
the open squares. The crosses indicate the vev obtained from U1 eq. (5), while the dots show the
corresponding results from U2 eq. (14). All data have been obtained on 163 × 32 lattices.

In figure 1 we show the results for the bare vev for a κ scan performed on 163×32
lattices for λ6 = 0.001 (left) and λ6 = 0.1 (right). For both values of λ6 there is
the same qualitative behaviour. While the phase transition is still of second order
when λ is chosen negative but small, the data suggest that the transition changes
to a first order one, when λ gets smaller than a certain value which depends on
the choice of λ6. For λ6 = 0.001 in fig. 1a, the simulation data and the analytical
results from both forms of the effective potential agree very well. The results from
U2 eq. (14) are even compatible with the simulation data on a quantitative level.
The only differences can be seen in the region of the first order phase transitions.
The effective potential U1 reproduces qualitatively the behaviour of the simulation
data. However, the exact numbers differ and the λ-value where the transition turns
first order is shifted to larger values.

For λ6 = 0.1 in fig. 1b the effective potential U1 still gives qualitatively the
same results as the simulations, but the effective potential U2 fails to describe the
numerical data.
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respectively, for κ = 11760 there are tunneling events between these two values,
typical for a first order phase transition.

From the histogram of the vev with an appropriate binning size, also an effective
potential from the simulation data can be constructed. This has been done in fig. 3b.
The figure demonstrates nicely how the absolute minimum at around v̂ ≈ 0.15
abruptly jumps to v̂ ≈ 0.35 typical for a first order transition.
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(b) CEP from simulations

Figure 3: The left plot shows the trajectories for some ensembles generated around the first order
phase transition generated on 16 × 32 lattices. The data correspond to λ6 = 0.1 and λ = −0.38.
The right plot shows the corresponding CEP as it was obtained by taking the logarithm of the
histograms of the magnetization. The lines in (b) just serve to guide the eye.
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Figure 4: Here we show the CEP U1 eq. (5) for fixed λ6 = 0.001 and various κ values around
the phase transition. The left plot (λ = −0.0088) shows a second order phase transition for
κ ≈ 0.122715. Note that the effective potential at κ ≈ 0.122764 actually corresponds to a cross-
over transition, see the discussion in the text and fig. 5. The right hand plot (λ = −0.0089) also
has a second order transition at κ ≈ 0.12271 and a first order transition κ ≈ 0.1227565

Given the fact that for small values of λ6 the effective potentials describes the
simulation data satisfactory on a quantitative level, it can be utilized to investigate
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First-order phase transition expected

Stabilizing the electroweak vacuum by higher dimensional operators in a Higgs-Yukawa model Attila Nagy

κ = 0.11668
κ = 0.11672
κ = 0.11675

(a) trajectories

κ = 0.11668
κ = 0.11672
κ = 0.11675

(b) CEP from simulation

Figure 2: The left plot shows the Monte Carlo time trajectories of the magnetization corresponding to
simulation data for λ =−0.4 fromfig. 1a where one observes a typical metastable behaviour for κ = 0.11672
with the magnetization jumping between two values. The runs of adjacent κ do not show this behaviour.
The right plot shows the CEP as it is obtained from the simulation for those three values of κ . Both plots
nicely indicate the existence of a first order phase transition.

λ6 = 0.10

λ = −0.380
λ = −0.385
λ = −0.388
λ = −0.389

λ6 = 0.10,λ = −0.388

Figure 3: Here we show the dependence of the Higgs boson mass on the cutoff as it is obtained in the CEP.
The left plot compares the results for various values of λ on a 963× 192 lattice while keeping λ6 = 0.1
constant. Additionally we show the standard model lower bound indicated by the red points. The gap
in the gray data points originates from the first order phase transition. The right plot shows the volume
dependence for various L3× 2L lattices while keeping λ = −0.388 and λ6 = 0.1 fixed. It also shows the
volume dependence of the standard model mass bound.

5. Conclusions and outlook

In this work, we have added a dimension-6 operator to a Higgs-Yukawa model to test the
stability of a so extended SM. We found that for fixed values of λ6 = 0.1 and for a cutoff of
about ! 1.5TeV, the Higgs boson mass can be lowered when the quartic coupling is driven more
and more negative, as was also found in ref. [5]. In addition, we detected that for a certain (negative)
value of the quartic coupling the transition between the symmetric and the broken phase turns first
order and the separation between the cut-off and the low-energy scale is lacking, leading to an
absolute lower bound of the Higgs boson mass. With this we conclude that for the here considered
value of a λ6 coupling a Higgs boson mass of 126GeV is fully compatibale with an addition of a
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is shown for both investigated λ6 values. For λ6 = 0.001 we clearly observe a region
in parameter space where the expected second order transition in κ is present when
the magnitude of λ is chosen small enough. There is an intermediate regime where a
crossover transition sets in within the broken phase which turns, at a critical point,
into a first order transition, separating two broken phases. At some point around
λ ≈ −0.0098 and κ ≈ 0.12267 the line of second order transition runs into the
line of first order transition and only the first order transition remains separating a
symmetric and a broken phase.

κ

λ

(a) λ6 = 0.001

κ

λ

(b) λ6 = 0.1

Figure 6: Phase structure obtained from the CEP U1 (5). There are two phases - a broken and
a symmetric one - separated by lines of first and second order phase transitions. Further there is
a small region in parameter space, where there is also a first order transition between two broken
phases for λ6 = 0.001 and λ6 = 0.1). The lines between the data points are just to guide the eye.

For λ6 = 0.1 the general behaviour is very similar even though the region in
parameter space is extremely narrow where the additional transitions occur in the
broken phase, see the inlet in fig. 6b. In fact, the region is so narrow that it is well
possible that in infinite volume only a single transition line exists with second order
transitions for larger and first order transitions for smaller quartic couplings.

With the CEP one can also obtain the Higgs boson mass from eq. (10). In
figure 7 we show some first results for the cut-off dependence of the Higgs boson
mass obtained by the CEP U1 for a series of λ values around the region, where the
first order transitions of fig. 6 appear. For a value of λ6 = 0.001 in fig. 7a we see
that for the range of cut-off values considered here, the Higgs boson mass can be
lowered compared to the lower Higgs boson mass for vanishing self couplings λ and
λ6 as was also found in ref. [1].

Inspecting, however, fig. 7b we find that for λ6 = 0.1 and for small cut-off values,
the Higgs boson mass is significantly larger than the lower bound at vanishing λ and
λ6. Note thatmH/Λ ≈ 0.1, i.e. we are still staying in the scaling region of the model.
The increase of the Higgs boson mass at small cut-off can be understood from the fact
that the λ6(Φ†Φ)3 term in the action provides a positive contribution to the Higgs
boson mass shift, dominating the negative contribution from the Yukawa coupling.
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The Higgs mass lower bounds  
from the CEP

For larger values of the cut-off, the λ6 coupling becomes less and less relevant and
the Yukawa term provides the major contribution to the mass-shift such that we
eventually find the standard behaviour of the Higgs boson mass as function of the
cut-off in fig. 7b.

We plan to investigate the cut-off dependence of the Higgs boson mass through
non-perturbative numerical simulations in the future. However, if the picture of
fig. 7b is confirmed, this would put already a bound on the values of λ6 since the
126GeV Higgs boson mass would clash with the cut-off dependent mass at low values
of the cut-off in fig. 7b. As a consequence, only rather small values of λ6 ∝ O(0.001)
would be compatible with the 126GeV Higgs boson mass.
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Figure 7: Shown is the cut-off dependence of the Higgs boson mass obtained from the CEP
according to eq. (10) for λ = 0.001 on a 643× 128-lattice (left) and λ = 0.1 on a 1923× 384 (right).
In both plots we also show the standard model lower mass bound (λ6 = λ = 0).

5. Conclusions

In this letter we have focused on the phase structure of a chiral invariant lat-
tice Higgs-Yukawa model when adding a higher dimensional (φ†φ)3 operator with
coupling strength λ6 to the action. For the first analysis of such a situation we
have restricted ourselves to small values of λ6 which allowed us to compare our
numerically obtained results with analytical predictions from the constraint effec-
tive potential evaluated in the same lattice setup as the numerical simulations were
carried through.

In general, we obtain a very good qualitative and even quantitative agreement
between both approaches which leads to the phase structure in fig. 6 plotted in
the plane of the quartic coupling λ and hopping parameter κ for fixed values of
λ6 = 0.001 and λ6 = 0.1.

Fixing the value of λ6 > 0 stabilizes the potential, allowing thus to drive the
values of λ more and more negative. For sufficiently small values of λ we observe
smooth transitions in the magnetization, fully compatible with the second order
phase transitions observed for λ6 = 0. However, from a certain negative value of λ
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Figure 2: (a) The zero-temperature phase structure of the Higgs-Yukawa model with fixed bare λ6 = 0.001.
The symbol λ in this plot is the bare quartic coupling, λb [5]. (b) The plot of the magnetisation with
λb = −0.008, L̂t = 4,6, anti-periodic boundary condition in time for the fermions, and the corresponding
zero-temperature results (L̂t = 32,40,48) with periodic boundary condition in time for fermions.
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Figure 3: The Monte-Carlo time evolution of ⟨ϕ⟩ near phase transitions at (a) κ = 0.122892 and the lattice
volume 203× 4, (b) κ = 0.12284 and the lattice volume 203× 6.

Our preliminary result shows evidence that for λb=−0.008,−0.0085, where zero-temperature
transitions are second-order, there can exist temperature-induced first-order phase transitions. For
example, in Fig. 2(b) we show when λb = −0.008, the phase transition is second-order at zero-
temperature. The transition becomes first-order when L̂t = 4. As demonstrated in Fig. 3(a), the
HMC history of the magnetisation exhibits coexistence of two states. Note that this result is pre-
liminary and further detailed scaling tests are needed to confirm this scenario. We noticed that
there are no such coexistence of two states when L̂t = 6 as shown in Fig. 3(b). We have also
performed pure scalar lattice simulations with λ6

(

Φ†Φ
)3, where temperature-induced first-order

phase transition is not observed when zero-temperature transitions are second-order.
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Our preliminary result shows evidence that for λb=−0.008,−0.0085, where zero-temperature
transitions are second-order, there can exist temperature-induced first-order phase transitions. For
example, in Fig. 2(b) we show when λb = −0.008, the phase transition is second-order at zero-
temperature. The transition becomes first-order when L̂t = 4. As demonstrated in Fig. 3(a), the
HMC history of the magnetisation exhibits coexistence of two states. Note that this result is pre-
liminary and further detailed scaling tests are needed to confirm this scenario. We noticed that
there are no such coexistence of two states when L̂t = 6 as shown in Fig. 3(b). We have also
performed pure scalar lattice simulations with λ6
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λb = −0.008, L̂t = 4,6, anti-periodic boundary condition in time for the fermions, and the corresponding
zero-temperature results (L̂t = 32,40,48) with periodic boundary condition in time for fermions.
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Our preliminary result shows evidence that for λb=−0.008,−0.0085, where zero-temperature
transitions are second-order, there can exist temperature-induced first-order phase transitions. For
example, in Fig. 2(b) we show when λb = −0.008, the phase transition is second-order at zero-
temperature. The transition becomes first-order when L̂t = 4. As demonstrated in Fig. 3(a), the
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Our preliminary result shows evidence that for λb=−0.008,−0.0085, where zero-temperature
transitions are second-order, there can exist temperature-induced first-order phase transitions. For
example, in Fig. 2(b) we show when λb = −0.008, the phase transition is second-order at zero-
temperature. The transition becomes first-order when L̂t = 4. As demonstrated in Fig. 3(a), the
HMC history of the magnetisation exhibits coexistence of two states. Note that this result is pre-
liminary and further detailed scaling tests are needed to confirm this scenario. We noticed that
there are no such coexistence of two states when L̂t = 6 as shown in Fig. 3(b). We have also
performed pure scalar lattice simulations with λ6

(
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)3, where temperature-induced first-order

phase transition is not observed when zero-temperature transitions are second-order.
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Remarks and outlook

• The Higgs-Yukawa model and its extensions 
contain rich phase structure.

• Adding a dimension-6 operator can alter the 
spectrum significantly.

• Bounds on new physics.

• Finite-temperature.
1st-order transitions near the 2nd-order non-thermal transitions. 
Only observed with fermions.


