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Crossovers in the dynamics of supercooled liquids probed by an amorphous wall
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We study the relaxation dynamics of a binary Lennard-Jones liquid in the presence of an amorphous wall
generated from equilibrium particle configurations. In qualitative agreement with the results presented by Kob
et al. [Nat. Phys. 8, 164 (2012).] for a liquid of harmonic spheres, we find that our binary mixture shows
a saturation of the dynamical length scale close to the mode-coupling temperature Tc. Furthermore we show
that, due to the broken symmetry imposed by the wall, signatures of an additional change in dynamics become
apparent at a temperature well above Tc. We provide evidence that this modification in the relaxation dynamics
occurs at a recently proposed dynamical crossover temperature Ts > Tc, which is related to the breakdown of the
Stokes-Einstein relation. We find that this dynamical crossover at Ts is also observed for the harmonic spheres as
well as a WCA liquid, showing that it may be a general feature of glass-forming systems.
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I. INTRODUCTION

There has been a great surge in studies which seek
to investigate length scales in supercooled liquids through
simulation in the presence of quenched amorphous order
[1–11]. This recent interest has been spurred on by the
successful computational realization of thought experiments
predicting growing static length scales on increased super-
cooling, as well as the ever-growing availability of CPU time
which makes such studies feasible [1,5–13].

Yet, studies seeking to understand growing dynamical
length scales by employing simulations with frozen particles
go back even earlier [14,15]. The authors of Ref. [14], in
particular, studied the Kob-Andersen binary Lennard-Jones
system (KA) in the presence of a rough wall created by fixing
the positions of a slab of particles from a bulk equilibrium
configuration. They found that the dynamics near the rough
wall slowed down substantially and the analysis of the profiles
of relaxation times near the wall provided a length scale that
grew with decreasing temperature. A recent study revisited
these ideas in a supercooled harmonic sphere system (HARM)
for larger sample sizes and down to very low temperatures,
below the mode-coupling temperature Tc [3]. This study
revealed a dynamical length scale that first increased as T

approached Tc from above, and then surprisingly decreased
for T < Tc [3]. This behavior was attributed to a change in the
dynamics below Tc where collective particle rearrangements
become predominant [3,16,17]. Such a change is naturally
understood in the framework of the random first order
transition (RFOT) theory [18,19], where a crossover between
nonactivated correlated relaxation to thermally activated co-
operative dynamics is expected to take place.

It should be noted that the dynamical length scale defined
in Ref. [3] need not correspond to that extracted from study
of the bulk four-point correlation function S4(k,t), but simply
defines an independent dynamic correlation length scale asso-
ciated with the spatial extent of the perturbation of dynamic
relaxation near an amorphous wall. Although there is a formal
connection between bulk correlations and dynamic response
to an infinitesimal field in the linear response regime [20,21],
the connection between these different approaches to measure

dynamic correlation length scales in systems with glassy
dynamics will not be addressed in this work, but is a worthy
topic for future research.

Since at present the nonmonotonic T dependence of the
dynamical length scale probed by an amorphous wall has been
observed only in one model glass former, it is important to
investigate whether this phenomenon is general or not. In order
to address this question we have performed a similar analysis
in the widely studied KA system (the same model used in
Ref. [14]). When taken together, the results of previous studies
in Refs. [20,22,23] may be interpreted as suggesting that a
crossover in the relaxation dynamics across the mode-coupling
temperature exists but is weaker for the KA than the HARM
system. Therefore we anticipate that if the nonmonotonic
evolution of dynamic profiles near an amorphous wall results
from this crossover, then this effect should be less pronounced
in the KA model. In the present work, we seek to assess
this possibility and to better understand which features of
supercooled liquids near an amorphous wall are generic. Given
our findings in the KA system, we then extend our study to two
other supercooled liquids. Furthermore we demonstrate that
indications of an additional crossover at a temperature higher
than Tc may be uncovered by the investigation of dynamics
close to an amorphous wall, therefore showing that there are
in fact two crossover temperatures at which the dynamics is
changing.

This paper is organized as follows. In Sec. II we discuss the
models to be studied, as well as the details of the various
calculations we will employ. In Sec. III we present the
results of our analyses and comparison with the previous
results of Ref. [3]. In Sec. IV we present results comparing
the dynamics in directions perpendicular and parallel to the
wall, which reveal further information related to the dynamics
of supercooled liquids. Finally, in Sec. V we conclude and
discuss the impact of our results in the broader context of
recent work on supercooled liquids.

II. MODELS AND METHODS

In this paper, we present data for three model systems.
Our primary system of interest is the Kob-Andersen Lennard-
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Jones model (KA), an 80:20 binary mixture of particles at
density ρ = 1.2 with very well characterized structural and
dynamical properties [24,25]. All quantities are reported in
standard reduced units. In this model, we find the onset
of slow dynamics occurs near To ≈ 1.0, and the mode-
coupling crossover has been previously reported as Tc ≈
0.435 [26]. We have fully equilibrated this model for the
system size N = 1900 particles in a cubic box for the
temperatures T = 0.9, 0.8, 0.7, 0.65, 0.625, 0.6, 0.575, 0.56,
0.55, 0.5, 0.48, 0.45, 0.435, and 0.432. Simulations were
done with NV T dynamics for 100τ bulk

α at each temperature
using the LAMMPS package [27]; τ bulk

α was determined by
calculating the self-intermediate scattering function, Fs(k,t) =
1
N

∑N
j=1 eik·[xj (t)−xj (0)], and defining Fs(k = 7.25,t ≡ τ bulk

α ) =
1/e. Each equilibrated configuration was replicated three times
along the z axis to make a rectangular box of dimensions
approximately 11.655 × 11.655 × 34.966. The rectangular
boxes were again simulated for 100τ bulk

α to remove the period-
icity introduced by replicating the system. Each configuration
was then tested for equilibration by calculating Fs(k,t) for the
first and second half of yet another 100τ bulk

α length trajectory.
Only configurations whose dynamics showed no signs of
aging (i.e., identical scattering functions for both halves of
the trajectory) were used for subsequent steps.

To study these configurations with an amorphous wall,
simulations were run where the positions of particles within
a slab of width W = 3 were held fixed. Since we simulate
the KA system with a standard cutoff of the potential at
rcut = 2.5, this slab is effectively of infinite thickness as no
particle on one side can interact directly or indirectly with
those on the other side. This allows us to determine the z

dependence of the static and dynamic properties of the system
for distances up to zmax = (34.966 − 3)/2 ≈ 15.98. At each
temperature, we ran molecular dynamics simulations of length
(500–1000)τ bulk

α for 30–45 independent wall realizations to
ensure both thermalization of a single realization, and a proper
disorder average over the quenched disorder imposed by the
frozen wall.

In addition to the KA system, we performed a similar
set of studies for two other models. The first is the Weeks-
Chandler-Andersen (WCA) version of the KA system [28],
for which we performed simulations down to T = 0.325 (the
mode-coupling temperature is Tc ≈ 0.28 [26], and To ≈ 0.7).
For this model, box sizes identical to those for the KA
were used. The third model we study is the harmonic sphere
system (HARM) of Ref. [3], which has been previously
discussed [29,30] (Tc ≈ 5.2 [3], To ≈ 12). As in Ref. [3],
we use N = 4320; however here we prepare the system
analogously to the KA system, first equilibrating a sample
containing 1440 particles, then replicating it to construct a box
with dimensions approximately 12.873 × 12.873 × 38.620.
In this case, we used a wave vector k = 6.28 to define the
relaxation time of the system and other subsequent quantities,
and a wall thickness of W = 2, due to the very short ranged
potential in this model. For the HARM and WCA models we
ran simulations with 20–30 independent wall realizations. For
the WCA system we found, by looking at aging behavior in
Fs(k,t), that some trajectories crystallized after times on the
order of several hundred bulk τα at T = 0.35 in the presence of
the wall. The tendency to crystallize was more pronounced at

T = 0.325. Crystallization was evident from visual inspection
as well as from a drop in the potential energy of samples which
crystallized. These trajectories were excluded from our data,
and hence our statistical confidence at these temperatures is
reduced and a detailed analysis of temperatures close to the
mode-coupling crossover was not possible.

For each model and for each trajectory, we have calculated
the overlap, qc(z,t), and self-overlap, qs(z,t), as a function of
time and distance (z) from the face of the wall. These quan-
tities, which contain information similar to the coherent and
incoherent intermediate scattering functions, are calculated by
tiling the system outside of the wall into small boxes of side
length l small enough such that they have occupation numbers
(defined by the number of particle centers in a cell) nj ∈ {0,1}.
In a previous work it was determined that l ≈ 0.37 was a good
size to enforce this condition in the KA and WCA systems
without making l so small as to result in poor statistics [8].
In the present study we choose l = 0.37597 which tiles each
short dimension of the samples into Ñ = 31 boxes, but we have
checked that changing this parameter does not have any effect
on the resulting physics. Similarly, we choose l ≈ 0.45 for the
HARM, and tested that this gives the same results as l ≈ 0.55,
the value used in Ref. [3] (at that size, nj > 1 occasionally).
We define, at each distance z from the wall,

qc(z,t) =
〈

1

Ñ2

Ñ2∑
j=1

nj (t ′ + t)nj (t ′)
ρl3

〉
(1)

and

qs(z,t) =
〈

1

Ñ2

Ñ2∑
j=1

pj (t)

ρl3

〉
, (2)

where pj (t) is a function which is 1 if box j is occupied
by a particle at a reference time t ′ and later by the same
particle at t ′ + t . In a bulk system with no wall, nj (t) and
nj (0) fully decorrelate as t → ∞, so the correlation function
qc(z,t) tends to the random value qr ≡ ρl3. Hence we define
q̃c(z,t) ≡ qc(z,t) − qr so that this function decays to zero in
the bulk case. With the presence of the wall, this function will
decay to a finite value termed q̃c(z,∞) � 0, which quantifies
the strength of the static correlations imposed by the presence
of the wall. We define the relaxation time of the self-overlap
τs(z) by qs(z,τs(z)) = 0.2 [41].

We have also investigated a second measure of density
relaxation, the self-intermediate scattering of particles found
at distance z from the wall,

Fs(k,z,t) =
〈

1

N (z)

N(z)∑
j=1

eik·[xj (t)−xj (0)]

〉
, (3)

where this sum extends over the particles which start in a
slab of width 1.0 at distance z from the wall, but need not
necessarily end in that slab. We then define scattering functions
for relaxation parallel and perpendicular to the wall by using
wave vectors which are aligned with the unit vectors x̂ and
ẑ, respectively. Thus, we define F

||
s (z,t) ≡ Fs(k = 7.25x̂,z,t)

and F⊥
s (z,t) ≡ Fs(k = 7.25ẑ,z,t), and define τ || and τ⊥ when

the associated correlation functions decay to a value of 1/e.
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III. OVERLAP RELAXATION TIMES

A. Saturating dynamic length scale

The first question we wish to address is whether the
nonmonotonic growth of the dynamical length scale seen in
Ref. [3] is also found in models other than the HARM system.
For this purpose we measure dynamical relaxation profiles by
calculating τs(z) and τc(z) at a series of temperatures in the
KA system. As discussed in Ref. [3], dynamical properties
calculated from the self and collective overlaps give very
similar physical results. However, as qc(z,t) decays to a plateau
while qs(z,t) always decays to zero, it is easier to measure τs(z)
with confidence as there is no need to include the long-time
limit of this correlation function as an additional fitting
parameter. We therefore concentrate on properties derived
from the self-overlap qs(z,t).

Before discussing these properties we note that, just as
in the HARM system, the static overlap q̃c(z,∞) decays
exponentially with the distance z at all temperatures in the KA
system, and that the static length extracted by fitting this decay
grows by only a small fraction of its value at high temperatures
over the considered temperature range. These properties are
discussed in Appendix A.

The relaxation times τs(z) for different temperatures are
shown in Fig. 1. As expected from previous studies, the
dynamics slow dramatically near the wall, and relaxation times
at a given distance increase with decreasing temperature [3,14].
At large z each curve tends to plateau before z reaches a value
corresponding to half of the box length. For comparison, we
show that the relaxation times τ || scale directly on top of the
data from the self-overlap, demonstrating that the relaxation
of the self-overlap is mostly dominated by relaxation in
the parallel direction to the wall. This is reasonable since
the dynamics in the direction perpendicular to the wall is
significantly slower (see Sec. IV below), so that the self-
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FIG. 1. (Color online) Relaxation times in the KA system from
self-overlap (τs , points) and parallel self-intermediate scattering
function (τ ||, lines) versus the distance z from the wall, shown
for all studied temperatures. Error bars as determined from a
bootstrap analysis [31] are much smaller than the points shown.
The second set of relaxation times is rescaled on the first one
using a temperature-independent rescaling constant A = 0.7 obtained
from A = τ ||(z = 15,T = 0.435)/τs(z = 15,T = 0.435). From top
to bottom: T = 0.432, 0.435, 0.45, 0.48, 0.5, 0.55, 0.6, 0.7, and 0.8.
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FIG. 2. (Color online) Self-overlap relaxation times in the KA
system at a distance z from the wall are divided by the bulk relaxation
for the given temperature. The temperatures and symbols shown are
the same as in Fig. 1. By fitting these curves to Eq. (4), a dynamical
length scale ξ

exp
dyn is extracted, as shown in the inset for all temperatures

listed in Sec. II. This length scale grows with decreasing temperature
but saturates at a temperature above Tc, where τ b

s ≈ 3 × 103, indicated
by a vertical dotted line.

overlap has already decayed by the time perpendicular motion
sets in.

Based on earlier results for the KA model and results in
the HARM system, we make the ansatz that the logarithm
of the relaxation times in the presence of the wall decays
exponentially to a plateau [3,14],

ln[τs(z)] = B exp
(−z/ξ

exp
dyn

) + ln
(
τ b
s

)
, (4)

where τ b
s is the bulk relaxation time, i.e., the relaxation time

computed in the same manner but without the presence of the
wall.

To extract the temperature dependence of the lengths in
Fig. 1 we follow the recipe of Ref. [3]. At each temperature
we divide the data by τ b

s (T ) (these data can be found in
Appendix B). We then fit the decay of ln[τs(z)/τb

s ] to Eq. (4)
and extract the length scale ξ

exp
dyn and the prefactor B. The

results of this procedure can be seen in Fig. 2.
The inset of Fig. 2 shows the growth of the obtained

dynamical length scale ξ
exp
dyn and we recognize that ξ

exp
dyn

saturates for T > Tc. That this saturation is not just an artifact
of the fitting procedure can be easily recognized from the
data shown in the main panel of Fig. 2 which, for low
temperatures, collapses almost perfectly onto a single master
curve which implies that ξ

exp
dyn depends only weakly on T .

From this saturation we can conclude that our observed T

dependence of ξ
exp
dyn is compatible with the results obtained

for the HARM system [3], even if for the KA system there
is no strong evidence for a nonmonotonic behavior in ξ

exp
dyn

(although the length does appear to decrease very slightly).
The absence of such a nonmonotonic T dependence in the
KA system does not preclude the possibility of a change in
behavior of ξ

exp
dyn at lower temperatures. Indeed, it is expected

that at temperatures below Tc, ξ
exp
dyn will increase again at a

temperature that is system dependent, and this behavior could
supersede the nonmonotonicity observed in the length scale of
the HARM system [16].
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That the T dependence of ξ
exp
dyn is less pronounced for the

KA model than the HARM is also consistent with the results
from Ref. [22] in which the relaxation dynamics of both
KA and HARM has been studied using periodic boundary
conditions. In that work it was shown that finite-size effects
can lead to a nonmonotonic T dependence of the relaxation
times for the HARM system, but that in the KA system
these effects are much less pronounced, a result that was
argued to be related to how sharp the crossover between
mode-coupling-like dynamics to activated dynamics is (less
sharp for the KA system than for the HARM model), which
is reflected directly in the T dependence of the dynamical
length scale (less pronounced for the KA than for the HARM).
This difference between the two systems is also in agreement
with the results from Ref. [23] where it was shown that for
the HARM system the height of the peak in the dynamical
four-point correlation function χNVE

4 has a nonmonotonic
behavior in T whereas the one for the KA system shows
only a saturation [20]. Finally we mention that the existence
of a nonmonotonic behavior in ξ

exp
dyn , or its saturation, can

be naturally interpreted in the context of RFOT in terms of
an underlying change of physical mechanism responsible for
structural relaxation occurring at Tc [3,16–18].

B. Further analysis of dynamic profiles

While the decay of ln[τs(z)] near the wall does indeed
appear to match the exponential ansatz well, we observe that
the relaxation times τ b

s are larger than the relaxation time at
z = 15.98 (see Appendix B). This suggests that the analysis
of the dynamic profiles is in fact not totally straightforward.

As an alternative approach for analyzing the data, we divide
the profiles τs(z) by τh

s , the value of the relaxation time
measured at large z. We show the result in Fig. 3(a). There
are several features worthy of discussion when viewed from
this perspective. First, except for the highest temperatures,
the curves are at zmax still decaying which shows that the
accuracy of our data allows us to see finite-size effects
in the dynamics even in the center of the box. Second,
while the highest temperatures display exponential decay of
ln(τs), the curves at the lowest temperatures are somewhat bent
in this log-linear representation and it is not clear how to best
analyze quantitatively this curvature. As a first attempt, we
have tried to describe these data using an exponential decay at
short z, followed by a second exponential decay at longer z. At
intermediate supercooling, particularly at T = 0.6, deviations
from a single-exponential decay are indeed quite pronounced.
Third, the low-T curves nearly collapse (except perhaps at
very large z values). This is illustrated in the inset of Fig. 3(a)
where the curves from the lowest five temperatures are isolated,
clearly showing that these profiles are virtually identical over a
large range of distances, despite the fact that relaxation times
change by nearly two decades over that same temperature
regime (see Fig. 1).

Since in this representation the data show a clear curvature,
we have chosen to split it into two parts, one for z � z∗ and one
for z > z∗. From these fits we have extracted two dynamical
length scales, ξ short

dyn and ξ
long
dyn , respectively. For T > 0.6 best fits

were obtained with z∗ = 5 and for T � 0.6 best fits resulted
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FIG. 3. (Color online) (a) Self-overlap relaxation times in the KA
system divided by value τh

s , the value of τs(z) averaged over the large
z range [15.4 : 15.8]. The temperatures shown here are the same as in
Fig. 1. The relaxation is exponential at high T , becomes very curved
at intermediate temperature T ≈ 0.6, and then evolves very little at
low T . For all temperatures, there is an exponential decay at short
distances, yielding a length ξ short

dyn . There is also an approximately

exponential decay at long distances from which we extract ξ
long
dyn . The

inset isolates temperatures 0.432 � T � 0.5 to emphasize the low-
T saturation. (b) Relaxation time dependence of the three dynamic
lengths extracted from fitting the profiles plotted against τ b

s for ξ
exp
dyn

and τh
s for ξ

long
dyn and ξ short

dyn . The approximate position of Tc is indicated
by a vertical dotted line. Lengths are shown for all temperatures listed
in Sec. II.

when using z∗ = 6. These lengths are shown in Fig. 3(b), along
with the previous ξ

exp
dyn , for reference. We have also fit these data

with a sum of exponentials, which provides a fit that matches
the raw data quite well. Unfortunately the large number of
fit parameters leads to overfitting that results in nonphysical
length scales.

It is important to emphasize that even with this refined
method of analysis, our previous results concerning the
saturation of ξ

exp
dyn remain robust. Clearly, even without any

fitting, there is still a saturation of the dynamic profiles at
temperatures close to Tc, as can be seen from the collapse of
the data with the new normalization at low T [see inset of
Fig. 3(a)]. This shows that the observation that ξ

exp
dyn saturates

as a function of T does not depend on the detail how the length
scale has been determined.

This more precise type of analysis permits us to detect
an unexpected feature in the T dependence of the dynamic
length scales. From Fig. 3(b) we see that the absolute value
and the T dependence of ξ short

dyn are very similar to the ones
of ξ

exp
dyn in that also this length scale grows with decreasing T
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and then saturates around Tc. The T dependence of ξ
long
dyn is

somewhat weaker than the one of ξ short
dyn in that it increases only

by a factor of around 1.5 instead of the factor of 2 found for
the latter. Much more important is, however, the observation
that at intermediate temperatures, T ≈ 0.6, ξ

long
dyn shows a very

pronounced peak. We stress that this peak is in no way a result
of the fit and the behavior is clearly evident from inspection of
the data in Fig. 3(a).

We note that this temperature is significantly above the
mode-coupling temperature of the system, Tc ∼ 0.435, but
it coincides with the crossover temperature recently termed
“Ts” in Ref. [32]. The authors of Ref. [32] identify this Ts

both with the breakdown of the Stokes-Einstein relation as
well as a change in the “shape” of dynamical heterogeneities.
While a quantitative connection between ξ

long
dyn and the Stokes-

Einstein decoupling is a priori not obvious, we will in the
following provide evidence that both types of behavior are
indeed correlated.

We emphasize that the nonmonotonic evolution of the
length ξ

long
dyn is a qualitatively different phenomenon from the

evolution of a dynamic length discussed in Ref. [3]. Indeed,
because of the single exponential fitting protocol used in that
paper, the analog crossover at temperature Ts was previously
not detected in the HARM system. In fact, while ln(τs)
seems more exponential in the HARM system than in the KA
system, we indeed see a signature of this higher temperature
crossover around T ≈ 9, near the putative Ts for this model,
a temperature not examined in Ref. [3] (see Appendix C). In
particular, it should be noted that fits to obtain ξ

exp
dyn as shown

in Fig. 2 and in Ref. [3] give relatively little weight to the
relaxation times at large z, thus making the peak seen in ξ

long
dyn

hardly noticeable in ξ
exp
dyn (see Fig. 3). Note that the discovery

of this novel crossover phenomenon does not affect any of
the conclusions about the dynamical length scale having a
maximum at Tc in this system because we find, as in the
KA system, that ξ

exp
dyn ≈ ξ short

dyn , and both these length scales
have indeed a maximum in the vicinity of the mode-coupling
crossover temperature Tc.

To give further evidence for a relationship between the
crossover temperature Ts and the evolution of the length ξ

long
dyn ,

we have repeated our full analysis of dynamic profiles for a
third model, namely the WCA system, which again shows
this anomalous behavior around Ts ≈ 0.425, as shown in
Appendix C.

IV. COMPARISON OF TRANSVERSE AND
LONGITUDINAL RELAXATION

In this section, we investigate the connection between
dynamic profiles and the crossover temperature Ts further.
Because Ts was previously related to a change in the geometry
of dynamic heterogeneities [32], a possible connection could
come from a geometric analysis of dynamic profiles near
amorphous walls. To this end, we separately analyze the
relaxation into perpendicular and parallel components with
respect to the wall.

We analyze the self-intermediate scattering function at
different distances from the wall, as defined in Eq. (3).

It is simple to resolve the relaxation times for dynamics
parallel and perpendicular to the wall, as done for instance
in Ref. [33]. The relaxation times obtained for wave vectors
parallel to the wall are shown in Fig. 1. Here, τ ||(z) has
been divided by a constant value corresponding to the
ratio τ ||(z)/τs(z) at a single distance (z ≈ 15) and a single
temperature (T = 0.435). The curves and points respectively
representing τ ||(z) and τs(z) lie perfectly on top of each
other except for a small deviation at the highest temperatures,
suggesting that τ ||(z) reports on the same physics as τs(z)
at supercooled temperatures, and does not contain additional
physical information about relaxation near the amorphous
wall.

In agreement with previous results [33], the relaxation times
obtained for wave vectors perpendicular to the wall are always
slower than for those parallel to the wall. In Figs. 4(a)–4(c)
we show how the perpendicular relaxation times compare to
the parallel relaxation times at different distances from the
wall via the investigation of the ratio τ ||(z)/τ⊥(z) in the three
different models studied in this work, the HARM, KA, and
WCA systems.

In each system three temperature regimes can be identified.
The qualitative features of these regimes are illustrated by
Fig. 4(d), where we select a subset of equivalent temperatures
for each system, as being representative of the various regimes,
which can be described as follows.

(1) Above To, the wall suppresses perpendicular more than
parallel relaxation at small z, but then the ratio tends rapidly
towards unity at large distances.

(2) Near To, the ratio tends to a pseudoplateau at values
less than one for all z values accessible. A dip in the ratio
of τ ||(z)/τ⊥(z) is also observed to develop near z ≈ 1. This
results in a maximum of the ratio at an intermediate distance
zpeak ≈ 4.0 as T is lowered.

(3) At temperatures below To, the curves become more
complex in that at large z the values of the ratio decreases
whereas at zpeak the ratio is at intermediate T basically constant
before it increases slightly. Furthermore we see that the dip at
z ≈ 1 also rises slightly with decreasing temperature.

We define zpeak as the distance from the wall where the
ratio τ ||/τ⊥ peaks and consider the temperature evolution of
this peak value, as shown in Fig. 4(e). In all three systems,
the temperature where the peak value is minimized falls very
close to values of Ts given in Ref. [32].

This coincidence is robust against finite-size effects that
are known to affect the dynamics in simulation boxes with an
elongated shape [34]. Tests using larger box sizes demonstrate
that the precise value of the ratio at large z depends weakly on
the box size, but the data up to zpeak and just beyond are fairly
insensitive to such changes, as demonstrated in Appendix D.
Hence the behavior and temperature correspondence appear to
be fairly insensitive to finite-size effects.

The precise dependence of the ratio τ ||(z)/τ⊥(z) is compli-
cated, and further microscopic investigations of its behavior
would be needed to understand these data in more detail.
However, it is interesting to speculate on the connection
between the behavior observed in Fig. 4(e) and that reported
in Ref. [32]. The authors of Ref. [32] note that the ratio of
dynamical heterogeneity length scales associated with parallel
and perpendicular displacements markedly changes behavior
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FIG. 4. (Color online) (a)–(c) Distance dependence of the ratio of the parallel to perpendicular relaxation times in the three models studied.
Due to the presence of the wall, τ ||(z) � τ⊥(z) at all distances. At high temperatures, the curves tends to unity but for lower temperatures
the curves approach a fractional value for the z range accessible. (d) Profiles of the curves in the distinct regimes identified, emphasizing in
particular the emergence of a maximum in the ratio at a distance zpeak. Results for KA are shown with solid lines and for WCA with dashed
lines. At z = 15, from top to bottom the curves are ordered T � To, Ts < T < To, T ≈ 1.1Tc, and T ≈ Ts . (e) The ratio of relaxation times
at zpeak as a function of Ts/T , showing that the peak value is minimized when T ≈ Ts , the crossover temperature analyzed in Ref. [32]. The
values used for Ts are 0.6, 9.0, and 0.425 for the KA, HARM, and WCA systems, respectively.

at Ts , which they claim to be the temperature at which violation
of the Stokes-Einstein relation first occurs. The fact that we
observe in the vicinity of Ts a significant change in the T

dependence of τ ||(z)/τ⊥(z) is harmonious with the notion that
this temperature is associated with a change in directionally
resolved relaxation motifs, and gives further impetus for
microscopic study of particle motion near the frozen wall as
T varies above and below Ts .

It should also be noted that we observe clear features of
altered relaxation in both ξ

long
dyn as well as τ ||(z)/τ⊥(z) at Ts ,

independent of metrics based on Stokes-Einstein violation,
whose onset is not necessarily sharp enough to clearly define
a characteristic temperature. In this sense, one can bypass
definitions based on transport anomalies and relate Ts directly
to the change of two-point relaxation behavior provided by the
proximity of a frozen interface.

In summary we can conclude that the results of this
section and Sec. III above give further evidence in support
of the notion, first advanced in Ref. [32], of a well-defined
characteristic temperature Ts below the onset temperature
of slow dynamics but above Tc, which physically relates to

a marked crossover in the geometric properties of dynamic
heterogeneity.

V. DISCUSSION AND CONCLUSIONS

In this work we have extended previous studies related to
the relaxation of supercooled liquids near a wall created from
a subset of particles fixed in their equilibrium positions. We
find clear evidence that as Tc is approached, the dynamical
length scale defined in Refs. [3,14] quantitatively saturates in
the KA system. This behavior is to be contrasted with the
nonmonotonic growth of the same length scale in the HARM
system. This distinction, namely a saturation as opposed to
a decrease in the length scale below Tc, is in harmony with
both the behavior of χNVE

4 [20,23] as well as trends in the
behavior of finite-size effects as filtered through relaxation
times in these two models [22]. Taken together, these results
all suggest that the crossover between transport mechanisms at
Tc is qualitatively similar in both systems, but is quantitatively
sharper in the HARM, which may therefore be viewed to be
closer to the idealized mean-field limit than the KA system.
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We have also investigated the behavior of relaxation
channels parallel and perpendicular to the wall. While motion
parallel to the amorphous wall mirrors the behavior revealed by
studies of the self-overlap function, we found that the behavior
of the ratio τ ||(z)/τ⊥(z) shows clear evidence of a change in
behavior at a recently identified temperature Ts , across three
different model systems. In Ref. [32] it has been argued that
Ts marks a temperature where the shape of the dynamical
heterogeneities changes, in the sense that transverse and
longitudinal relative motions of particles become decoupled.
Thus it is physically reasonable that close to the wall such a
decoupling also affects the relaxation behavior in the parallel
direction in a different manner than in the orthogonal one, thus
rationalizing our findings regarding the T and z dependence
of τ ||(z)/τ⊥(z).

While our results place the change of transport mecha-
nisms invoked to account for the dynamics of the HARM
model [3,16] near an amorphous wall on firmer grounds, we
emphasize that the strong saturation of the dynamic length
scale ξ

exp
dyn revealed in both HARM and KA models has no

clear counterpart in available measurements of dynamic length
scales from bulk four-point functions [35,36], which appear to
display no obvious saturation in the mode-coupling regime.
Although this might indicate that both types of measurements
are unrelated, we also note that the crossover temperature Ts

detected through analysis of four-point functions in Ref. [32]
is also observed here using measurements near an amorphous
wall via two-point quantities, albeit those extracted near an
object that breaks spatial symmetry. While this approach is
in the same spirit of earlier studies based on measurements of
the response of two-point correlators to external fields [20,37],
the present setup using pinned particles provides a potentially
simple means to observe the changes that occur at Ts in
an experimental setting. Future work should be devoted to
real-space dynamical analysis of the behavior of motion
parallel and perpendicular to the wall in order to gain
deeper insight into the observations presented in this work.
Overall, these results reveal that a better understanding of the
connection between the various dynamic length scales studied
in supercooled liquids is needed.
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APPENDIX A: STATIC OVERLAPS

Although the focus of this work is on the dynamical
properties of the KA system near an amorphous wall, it is
also useful to investigate the growth of static order. In Fig. 5
we show the static overlaps for comparison with Ref. [3]. As in
that work, we see that the static overlap decays exponentially
with distance from the wall, and we remark that these static
quantities decay much more quickly than the dynamical
profiles shown in Figs. 3. We see a slight “layering” effect
which we suspect is more pronounced here than in Ref. [3]
because in the present work we used a completely amorphous
wall, while in Ref. [3] a reflective wall and an amorphous
potential were used in combination.

To extract static length scales, we choose to fit these curves
to the function

q̃c(z,∞) = C exp[−(z − astat)/ξstat], (A1)

with a fixed value of C = 0.01, shown by a horizontal dashed
line in Fig. 5. This fit gives values for ξstat describing the
exponential decay of the static profiles, which are small and
grow very slowly. In addition, we can consider the evolution
of astat quantifying the distance z for which the overlap equals
C = 0.01. This is another static length scale, which is slightly
larger than ξstat and also grows quite slowly.

Both are shown in the inset of Fig. 5 and are seen
to grow by a much smaller amount than the dynamical
length scales measured. Although there are small qualitative
differences between the KA and HARM systems with respect
to the magnitudes of static and dynamic length scales, both
show a pronounced decoupling between static and dynamic
properties, in line with other studies showing static length
scales which are smaller and grow more slowly than dynamical
ones [6,8,9,39].

1 2 3 4 5 6 7
z

10−3

10−2

10−1

q̃ c
(z

,∞
)

1 2
1/T

1

2
ξ̂stat
âstat

FIG. 5. (Color online) Static overlap values extracted from
qc(z,t → ∞) for the temperatures in Fig. 1. The decay is exponential
and becomes steadily longer ranged as temperature is lowered. Two
static length scales, ξstat, the inverse of the slope of the decay, and
astat, the z value where q̃c(z,∞) lines cross the value C = 0.01, as
illustrated by a horizontal dashed line, may be extracted. 1σ error
bars from a bootstrap analysis are shown [31]. Inset: The lengths
âstat = astat/a

0
stat and ξ̂stat = ξstat/ξ

0
stat where a0

stat=1.92 and ξ 0
stat=0.56

are the values of the lengths at high temperature, T = 0.9.
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FIG. 6. (Color online) Temperature dependence of the various
relaxation times discussed in the main text for the KA system.
The values of τ || and τ⊥ have been scaled by the value A = 0.7
as discussed in Fig. 1.

APPENDIX B: RELAXATION TIMES IN THE KA SYSTEM

Figure 6 compares the four relaxation times used in the
main text for the KA system. As discussed previously, the
values of τ ||(z) and τs(z) can be scaled on top of each other
using a temperature-independent constant, although there is
some deviation at high temperatures. The need for rescaling
simply arises because of the choice of the window size l = 0.45
for the self-overlap calculation and the value k = 7.25 for
the self-intermediate scattering function. In Fig. 6, we have
also rescaled the values of τ⊥ showing that relaxation in the
perpendicular direction in the middle of the box is slower than
in the parallel direction at all temperatures. Finally, we also
show the value of the self-overlap relaxation time without the
wall, which is larger than the self-overlap relaxation time at all
temperatures at the center of the box in the presence of the wall.
This origin of this result will be discussed in a forthcoming
work [34].

APPENDIX C: OVERLAP CURVES IN THE HARM
AND WCA SYSTEMS

For the sake of comparison with the results presented in
Fig. 3, we also include the results for the HARM and WCA
systems. In Fig. 7(a) the results for the HARM system are
plotted. While the curves decay in a completely exponential
manner at the highest and lowest temperatures, there is a
pronounced curvature or double-exponential character near
T = 9, a temperature not studied in Ref. [3]. The curvature at
T = 8 is consistent with the data in that work.

Figure 7(b) shows results for the WCA system. Here again
the data appear to have double-exponential character starting
near T = 0.425. We note for both models that this behavior
occurs in the range identified as Ts by Ref. [32]. A more
extensive study should test whether there is any difference
using a smoothed WCA potential, which has slightly different
dynamical properties at low temperatures from those of the
standard WCA (see, e.g., Ref. [40]).
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FIG. 7. (Color online) Distance dependence of the self-overlap
relaxation times for the HARM system (a) and the WCA system
(b) in a representation similar to the one of Fig. 3 for the KA model.

APPENDIX D: FINITE-SIZE EFFECTS

We have performed additional simulations to check that our
conclusions are robust with respect to changes in system sizes.
As an example of such tests, we consider the behavior of the
ratio of perpendicular and parallel relaxation times for the KA
system shown in Fig. 4(a).

In Fig. 8 we show the same calculation for the KA system
using N = 7600 in a box with aspect ratio 1 : 1 : 4. We also
show at T = Ts = 0.6 the behavior for the N = 5700 system
in an effectively smaller box, generated by freezing a wall of
thickness W = 9 rather than W = 3 as in the main body of
this article. While the large-z behavior seems to depend on the

KA
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τ
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T = 0.435
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FIG. 8. (Color online) Ratio of parallel to perpendicular relax-
ation times in three different box sizes. The size used in the main text
is indicated by a solid line, while data for a larger box size are shown
with dotted lines, and for a smaller box at T = 0.6 by a dashed line,
showing that finite-size effects do not affect the crossover behavior
at T = Ts discussed in Sec. IV.
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system size, the data up to zpeak appear to be independent of
the box size considered. Hence we conclude that our approach
to analyze the data in Fig. 4(e) to define Ts is safe, and that
the existence of a correspondence between the crossover Ts

of Ref. [32] and the present comparative study of parallel and
perpendicular relaxation times is a robust finding.

Finally, we note that the large-z values of these data change
with system size. We believe that this is due to complex

hydrodynamic coupling between the dynamics in the two
directions. In fact, we found in the bulk that for T < To in
a noncubic box, the ratio of τ ||(z)/τ⊥(z) is nonunity due to
hydrodynamic effects (data not shown). For example, in the
KA system, this ratio is approximately 0.85 for a 3 : 1 : 1 box
at temperatures T � 0.8. Study of the precise origin of this
phenomenon is beyond the scope of this work and will require
further investigation.
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