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Résumé

Un des aspects fascinants de la théorie des cordes, c’est qu’elle vit dans l’espace-temps de
dix dimensions. Mais cela implique que, pour la relier à des observations phénoménologiques,
elle devrait être compactifiées à quatre dimensions. Un cas particulièrement riche, mais
toujours faisable correspond à la compactification sur une variété de Calabi-Yau qui donne
à basse énergie une théorie effective avec la supersymétrie N = 2. L’action de cette théorie
est complètement déterminée par la métrique sur son espace des modules qui comporte deux
composantes correspondant aux multiplets vectoriels et hypermultiplets. La première est
classiquement exacte et bien comprise, alors que la dernière reçoit des corrections quantiques
et est connue de porter une géométrie compliquées quaternion-Kählerrienne.

Dans cette thèse, nous présentons nos résultats sur la description complète non-perturbative
de l’espace des modules des hypermultiplets. Nous montrons comment toutes les corrections
quantiques, qui comprennent des contributions perturbatives d’une boucle ainsi que celles
non-perturbatives venant des D-branes et NS5-branes, sont incorporées dans le cadre de
l’approche twisteurielle. Ce cadre, que nous élaborons ici en détail, fournit une descrip-
tion mathématique puissante des variétés hyperkähleriennes et quaternion-Kähleriennes et
il est indispensable pour la formulation de la géométrie non-perturbative de l’espace des
modules des hypermultiplets. Nous présentons également de nouveaux résultats sur la du-
alité-S, symétrie miroir quantique, les connexions à des modèles intégrables et aux cordes
topologiques.

Abstract

One of the fascinating aspects of string theory is that it lives in spacetime of ten di-
mensions. But this implies that, to relate it to phenomenological observations, it should be
compactified down to four dimensions. A particularly rich, but still tractable case corre-
sponds to compactification on a Calabi-Yau manifold which gives at low energies an effective
theory with N = 2 supersymmetry. The action of this theory is completely determined by
the metric on its moduli space which has two components corresponding to vector and hy-
permultiplets. The first is classically exact and well understood, whereas the latter receives
quantum corrections and is known to carry a complicated quaternion-Kähler geometry.

In this thesis we present our results on obtaining the complete non-perturbative descrip-
tion of the hypermultiplet moduli space. We show how all quantum corrections, which
include perturbative one-loop contributions as well as non-perturbative ones due to D-brane
and NS5-brane instantons, are incorporated in the framework of the twistor approach. This
framework, which we elaborate here in detail, provides a powerful mathematical description
of hyperkähler and quaternion-Kähler manifolds and is indispensable for formulating the
non-perturbative geometry of the hypermultiplet moduli space. We also present new insights
on S-duality, quantum mirror symmetry, connections to integrable models and topological
strings.
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Introduction

String theory is the most promising candidate for the theory of quantum gravity. At
Planck scale it provides a consistent and unified description of all interactions. However, to
connect this high energy description to the low energy world accessible to current observa-
tions and to make falsifiable predictions is an extremely difficult problem. One of the main
complications is that the theory is formulated initially in ten-dimensional spacetime and
should be compactified down to four dimensions. The resulting theory, of course, crucially
depends on the internal manifold one compactifies on. On one hand, this opens plenty of
possibilities and makes string theory very rich. On the other hand, this raises the question
of how to choose the right compactification.

Furthermore, even if we could answer this question, one would still have to find the cor-
responding effective theory in four dimensions. Although in the classical regime it can be
obtained by the simple Kaluza-Klein reduction, generically, even its low energy approxima-
tion is affected by quantum corrections. In string theory they can be of two types: either
weighted by the parameter α′ controlling string tension and counting loops on the string
world sheet, or dependent on the string coupling constant gs counting string loops in the
target space. Moreover, besides the usual loop corrections, the low energy effective action
receives non-perturbative contributions. They represent the most non-trivial part of the
problem. In particular, this is due to the absence of a string instanton calculus which would
allow their microscopic calculation, as can be done, for example, in gauge theories.

As a result, our ability to find the effective theory strongly depends on how complicated
the compactification manifold is chosen to be. For instance, it can be very helpful if the cho-
sen compactification is known to lead to effective theories satisfying some generic restrictions,
such as being invariant under various symmetries or dualities. One of the very important
characteristics of this sort is the amount of supersymmetry preserved after compactifica-
tion. The more one has supersymmetry, the more constraints the low energy effective action
should satisfy.

In this thesis we will concentrate on the case with N = 2 supersymmetry. This is a
somewhat compromised situation between the very rigid and much more simple case of
N = 4 supersymmetry, on one hand, and the phenomenologically relevant, but extremely
complicated case with N = 1 supersymmetry or without it at all, on the other hand. Thus,
what we are going to consider is already sufficiently rich to contain a lot of interesting and
quite non-trivial physics, but at the same time it is still amenable to a deep analytical
analysis.

Besides, our consideration will be restricted to string theories of type II. As is well known,
in this case in order that the compactified theory has N = 2 supersymmetry, the compact-
ification manifold should be Calabi-Yau. Then in the low energy limit one finds N = 2
supergravity coupled with a set of matter fields. One of the consequences of N = 2 supersym-
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Introduction

metry is that the low energy effective action is completely determined by the metric on the
moduli space parametrized by four-dimensional scalar fields. Furthermore, the moduli space
is always factorized to two disconnected components corresponding to the moduli spaces of
vector and hypermultiplets. Whereas the first one is classically exact and well understood,
the metric on the hypermultiplet moduli space MHM receives various quantum corrections
and at the full non-perturbative level remains still unknown. To find its non-perturbative de-
scription, and thus the complete low energy effective action for compactification on arbitrary
Calabi-Yau, is our primary goal.

It is useful to know that there is a simplified version of this problem. It appears upon
consideration of a supersymmetric N = 2 four-dimensional gauge theory compactified on
a circle. The effective theory in three dimensions is also determined by the metric on its
moduli space Mgt

3d corrected by non-perturbative contributions. As we will see below, the
hypermultiplet moduli space and the one appearing in this gauge theory context are closely
related to each other and in some sense the former can be reduced to the latter in a certain
approximation.

Let us briefly compare the two moduli spaces between each other. First of all, both of
them are quaternionic manifolds. More precisely, due to constraints of N = 2 supersym-
metry, MHM is quaternion-Kähler (QK) and Mgt

3d is hyperkähler (HK). We will describe
in detail these types of geometries in the second chapter. Here we note that, before even
trying to find the non-perturbative geometry of the moduli spaces, one has to address a
pure mathematical problem of how to parametrize such quaternionic manifolds. It is almost
hopeless to find the complete metric, and the non-perturbative description is feasible only
if all information about the metric can be encoded in a certain potential function. Due to
this reason, we first develop the so called twistor approach to the description of quaternionic
spaces which solves this parametrization problem. It allows to encode all geometric informa-
tion on a quaternionic manifold in a set of holomorphic functions, thereby revealing the well
known connection between N = 2 supersymmetry and holomorphicity. We postpone the
discussion of the twistor approach till chapter II. At this point we would like just to mention
that it encodes the HK geometry into a complex symplectic structure, whereas in the case of
QK geometry it gives rise to a complex contact structure on its twistor space. Although the
latter is just an odd-dimensional analogue of the former, the difference between them turns
out to be substantial. As a result, QK spaces appear to be more complicated than HK ones
and one may think that the level of this complication is precisely what differs gravity from
gauge theories.

A more concrete understanding of this idea comes when one looks at the non-perturbative
corrections to the classical metrics onMgt

3d andMHM. All these corrections are of instantonic
type originating either from BPS particles winding around the compactification circle on the
gauge theory side, or from Euclidean D-branes and NS5-branes wrapping non-trivial cycles of
the Calabi-Yau on the string theory side. In a certain sense the effects of D-branes on MHM

can be identified with the effects of the BPS particles on Mgt
3d. Later we will see how this

identification can be made precise. In particular, the D-instanton corrected contact structure
on the twistor space of MHM is reduced to the symplectic structure on Mgt

3d. However, this
does not work anymore upon inclusion of NS5-branes. There is no a gauge theory analogue
for the instantons coming from these branes and they represent a pure stringy effect. It is
responsible for why the string theory story is so different and so complicated compared to
the gauge theory one.

2



Introduction

Although the final goal, namely, to find a complete non-perturbative description of the
hypermultiplet moduli space MHM, has not been achieved yet, a great progress has been
done in this direction. This review aims to present these achievements.

• We start with a general overview of Calabi-Yau compactifications of Type II string
theories. We discuss generic restrictions on their moduli spaces, which symmetries they
should realize and describe the hypermultiplet moduli space at the classical level. Then we
present the current status of the problem and compare it with the gauge theory case.

• In the second chapter we develop an important mathematical machinery which is
necessary to efficiently describe HK and QK geometries. It is based on the so called twistor
spaces associated with the initial quaternionic manifolds. It is this twistor description that
was at origin of the progress presented in the following chapters.

• In the third chapter we show how the classical moduli space can be reformulated using
this twistor approach. Afterwards we include a one-loop correction into this description,
which is supposed to exhaust all perturbative corrections to the moduli space. In this way
we explicitly evaluate the full perturbative metric.

• In the next chapter we turn to the non-perturbative effects where we restrict ourselves
to the instanton corrections due to D-instantons. We show how they are nicely incorporated
at the level of the twistor space and discuss the relation of this construction to its gauge
theory cousin and the so called wall-crossing phenomenon. Then in the same chapter we
reveal an intimate relation to integrability via Thermodynamic Bethe Ansatz (TBA).

• Whereas the construction of the forth chapter was suited for type IIA string theory, in
the fifth chapter we turn to the type IIB formulation. In particular, we discuss how mirror
symmetry and S-duality are realized on MHM and on its twistor space and obtain instanton
corrections to the quantum mirror map.

• The sixth chapter is devoted to the last missing part of the full non-perturbative picture
of the hypermultiplet moduli space — the effects of NS5-branes. We discuss their partition
function, how they affect the topology of the moduli space and derive the corresponding
instanton corrections in the one-instanton approximation by applying S-duality to the known
D-instantons. Finally, we uncover an intriguing relation of the NS5-brane corrections to
topological strings and their wave functions.

• Finally, in the last chapter we exemplify some of the previous results on the simplest
case of the four-dimensional hypermultiplet moduli space, which is known by the name of
universal hypermultiplet. In this case QK spaces allow a detailed description in terms of
solutions of a certain non-linear differential equation. We establish precise relations be-
tween different approaches to encode the QK geometry and obtain some implications for the
instanton corrections.

As can be seen from this overview, most of the results presented here are derived and
formulated using the twistor approach, what explains also the title of the thesis. However, it
provides only a mathematical framework. Without explicit microscopic calculations, the only
additional physical input which one has at our disposal is a set of symmetries respected by
the moduli space metric. A remarkable fact is that these symmetries turn out to be sufficient,
at least in principle, to determine the complete non-perturbative geometry of MHM or, more
precisely, to parametrize it in terms of a set of topological characteristics of Calabi-Yau
such as Gromov-Witten and Donaldson-Thomas invariants, which are supposed to be our
input data. Our results show that the idea to use the symmetries of string theory can be
realized by combining it with the twistor approach and using the fact that any isometry
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on a QK space is lifted to a holomorphic action on its twistor space. This provides a very
strong constraint which fixes both the metric and the symmetry transformations which all
get quantum corrections. In particular, as mentioned above, this strategy allows to find the
action of mirror symmetry at the non-perturbative level.

It is worth also to emphasize that the non-perturbative description of MHM and Mgt
3d

shows various connections to integrable structures. Combining these observations with the
fact that such complicated system seems to admit an exact description hints towards inte-
grability of gauge and string theories with N = 2 supersymmetry. Although this is already
a well established situation in the context of N = 4 SYM and AdS/CFT [1], here we have
a chance to get it with two times less supersymmetries. While there have been already
observed many intriguing connections of N = 2 theories to the integrable world [2, 3, 4, 5],
their complete understanding is still lacking. We hope that this work may shed some light
on this fascinating subject.
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Chapter I

Moduli spaces in gauge and string
theories

1 Calabi-Yau compactifications of string theory

As is well known, all five consistent superstring theories are formulated in ten dimensions.
Therefore, to connect any of them to the four-dimensional world, one should compactify it
on a six-dimensional compact manifold. Then at low energies in four dimensions one finds
an effective field theory which is typically given by supergravity coupled to various matter
fields. In particular, if one restricts to the lowest order in the string tension α′, all fields
come from the massless string sector and there are no terms in the effective action with more
than two derivatives. However, the precise form of the effective action depends, of course,
on the internal compact manifold chosen for compactification, background fluxes, etc.

Here we are interested in type II superstring theories and in their compactifications which
have N = 2 supersymmetry in the low energy limit. The presence of 8 unbroken supercharges
imposes certain restrictions on the internal space which are equivalent to the condition that
it is a Calabi-Yau manifold. In this section we describe the general structure of the effective
theory appearing in Calabi-Yau compactifications with particular emphasis on its moduli
space which completely determines the low energy action. However, first we need to review
some basic facts about Calabi-Yau geometry.

1.1 Calabi-Yau manifolds and their moduli spaces

A Calabi-Yau manifold Y can be defined as a compact complex manifold with a Ricci-flat
Kähler metric. It can be shown to have holonomy group contained in SU(n), where n is
its complex dimension, and vanishing first Chern class c1(Y). Here we are interested in the
case n = 3. It has also been proven that given a Kähler manifold with vanishing first Chern
class, in the given Kähler class, there is a unique metric which is Richi-flat and thus defines
a Calabi-Yau manifold.

These properties fix some of the topological characteristics of Calabi-Yau spaces. For
example, the Hodge diamond which provides the dimensions of the Dolbeault cohomology

5



Chapter I: Moduli spaces in gauge and string theories

groups Hp,q(Y) takes the following form

1
0 0

0 h1,1 0
1 h2,1 h2,1 1

0 h1,1 0
0 0

1

(I.1)

It implies several immediate consequences:

• Since the Hodge numbers give also dimensions of the homology groups, one observes
that H1(Y) and H5(Y) are trivial so that any Calabi-Yau does not have non-trivial
one- and five-dimensional cycles.

• The Euler characteristic can be easily calculated and is given by

χY =
∑
p,q

(−1)p+qhp,q(Y) = 2
(
h1,1(Y)− h2,1(Y)

)
. (I.2)

• The fact h3,0(Y) = 1 ensures the existence and uniqueness up to a holomorphic factor
of nowhere vanishing holomorphic (3,0)-form, commonly denoted by Ω.

It is clear that Ω uniquely determines the complex structure of Y. On the other hand,
the information about the Kähler structure is contained in the Kähler (1,1)-form J . Since
these two structures uniquely determine the Calabi-Yau metric, they parametrize the moduli
space of Calabi-Yau manifolds. Thus, the moduli space factorizes into the space of complex
structure deformations given locally by H2,1(Y,C) and the space of Kähler class deformations
coinciding with H1,1(Y,R). In fact, from the string theory point of view it is natural to
consider a complexification of the Kähler deformations as well because the metric always
appears together with the antisymmetric B-field from the NS-NS sector which naturally
combines with the Kähler form as B + iJ . Denoting the resulting moduli spaces of complex
structure and complexified Kähler deformations by KC(Y) and KK(Y), the moduli space
which should be analyzed is given by

MY = KC(Y)×KK(Y). (I.3)

Both factors in (I.3) come with a natural metric which makes them special Kähler man-
ifolds. Such a manifold of complex dimension n has a metric defined by a Kähler potential

gab̄ = ∂a∂b̄K(z, z̄), (I.4)

which is completely determined by a holomorphic, homogeneous of degree 2 function F (X)
of n + 1 variables XΛ, Λ = 0, 1, . . . , n. This function is called prepotential and it defines the
Kähler potential as follows

K = − log
[
2 Im

(
X̄ΛFΛ(X)

)]
, (I.5)

6



§1 Calabi-Yau compactifications of string theory

where we denoted FΛ = ∂XΛF, FΛΣ = ∂XΛ∂XΣF , etc. The coordinates za, a = 1, . . . , n,
parametrizing the special Kähler manifold are related to the homogeneous coordinates XΛ

as za = Xa/X0.
The holomorphic (3,0)-form Ω and the complexified Kähler (1,1)-form provide natural

candidates for the metric, the above defined coordinates and the prepotential. We describe
now these two cases separately, which gives us also an opportunity to introduce a few useful
formulae.

Complex structure moduli

The holomorphic (3,0)-form Ω gives rise to the following Kähler potential on KC(Y) written
as

K = − log i

∫

Y

Ω ∧ Ω̄. (I.6)

To introduce the corresponding holomorphic coordinates on KC(Y), it is convenient to con-
sider the full de Rham cohomology group

H3 = H3,0 ⊕H2,1 ⊕H1,2 ⊕H0,3 (I.7)

and its dual H3(Y). It is always possible to choose a basis of the latter group given by three-
cycles AΛ and BΛ such that the only non-vanishing intersection numbers are AΛ#BΣ = δΛ

Σ.
They can be thought as A and B-cycles, correspondingly. Given such a basis, we define

XΛ =

∫

AΛ

Ω, FΛ =

∫

BΛ

Ω. (I.8)

Of course, these 2(h2,1 +1) coordinates are not all independent since the deformations of the
complex structure span only a h2,1-dimensional space. As a result, one can always tune the
basis of cycles such that all FΛ are functions of XΛ. Moreover, the Riemann bilinear identity

∫

Y

χ ∧ ψ =
∑

Λ

(∫

AΛ

χ

∫

BΛ

ψ −
∫

BΛ

χ

∫

AΛ

ψ

)
(I.9)

for closed 3-forms χ and ψ, applied to χ = Ω, ψ = ∂ΛΩ, ensures that FΛ are derivatives
of a homogeneous function which can be obtained as F = 1

2
XΛFΛ. This function defines

the prepotential on the space of complex structure moduli. Then the Kähler potential (I.6)
coincides with the one following from (I.5).

Kähler moduli

In this case one should consider instead the even cohomology group

Heven = H0 ⊕H2 ⊕H4 ⊕H6. (I.10)

Let us choose a basis in this space parametrized by ωI = (1, ωi) and ωI = (ωY, ωi) where ωY

is the volume form such that

ωi ∧ ωj = δj
i ωY, ωi ∧ ωj = κijkω

k, (I.11)

7



Chapter I: Moduli spaces in gauge and string theories

and the indices run over I = (0, i) = 0, 1, . . . , h1,1(Y).1 The second equality in (I.11) defines
triple intersection numbers of the Calabi-Yau. Choosing the dual basis γi of 2-cycles and a
basis γi of 4-cycles, they can also be given as κijk =

∫
Y

ωi ∧ ωj ∧ ωk = 〈γi, γj, γk〉. Then the

natural metric on KK(Y) is defined by

gī =
1

4V
∫

Y

ωi ∧ ?ωj = ∂i∂̄ (− log 8V) , (I.12)

where

V =
1

6

∫

Y

J ∧ J ∧ J (I.13)

is the volume of the Calabi-Yau.
The holomorphic coordinates on KK(Y) arise as

vi ≡ bi + iti =

∫

γi

(B + iJ). (I.14)

Defining the homogenous coordinates via XI = (1, vi), the prepotential on the Kähler moduli
space can be written in terms of the intersection numbers

F (X) = −1

6

κijkX
iXjXk

X0
. (I.15)

Then (I.5) indeed leads to the Kähler potential from (I.12). As we will see, the cubic prepo-
tential (I.15) is only an approximation, valid in the limit of large volume, of the prepotential
which appears in string compactifications.

1.2 Type II supergravities in 10 and 4 dimensions: field content

To obtain the low energy effective description of compactified type II string theories, it is
convenient to start from the corresponding supergravity theories in 10 dimensions. There
are two versions of ten-dimensional supergravity corresponding to the two versions of type
II superstring — type IIA and type IIB. The bosonic sector of both of them consists from
NS-NS fields and R-R fields. The former feature the ten-dimensional metric, a two-form B̂2

and the dilaton φ̂,2 whereas the latter comprise p-form potentials Âp with p = 1, 3 in type
IIA and p = 0, 2, 4 in type IIB with additional self-duality constraint on the field strength
of Â4

F̂5 = ?F̂5. (I.16)

To compactify these theories on a Calabi-Yau Y, one should expand the ten-dimensional
fields in the basis of harmonic forms on Y. For even p-forms, such a basis was already
introduced below (I.10). For odd p, one should consider only 3-forms since H1(Y) and
H5(Y) are trivial. We label the basis 3-forms as αΛ and βΛ, which are chosen to be dual
to the B and A-cycles, correspondingly. In the following we will be interested only in the
bosonic sector since the fermionic contributions can be restored, at least in principle, by using
supersymmetry. Below we summarize the result of its effective four-dimensional description.

1From now on, the indices Λ,Σ (resp. a, b) always run from 0 (resp. 1) till h2,1(Y), whereas I, J (resp.
i, j) go till h1,1(Y).

2In this section all ten-dimensional fields will be labeled by hat and p-forms will carry the low index p.
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§1 Calabi-Yau compactifications of string theory

Type IIA

The bosonic sector of type IIA supergravity in ten dimensions is described by the following
action [6]

SIIA =
1

2

∫ [
e−2φ̂

(
R̂ ? 1 + 4dφ̂ ∧ ?dφ̂− 1

2
Ĥ3 ∧ ?Ĥ3

)

−(F̂2 ∧ ?F̂2 + F̂4 ∧ ?F̂4

)− B̂2 ∧ dÂ3 ∧ dÂ3

]
,

(I.17)

where the field strengths for the RR gauge potentials and the antisymmetric B-field are
defined as

Ĥ3 = dB̂2, F̂2 = dÂ1, F̂4 = dÂ3 − Â1 ∧ Ĥ3 (I.18)

Upon compactification all fields are decomposed as shown in the third line of Table I.1. In
particular, the metric gives rise to the complex scalars za and the real scalars ti because, as we
know from the previous subsection, its deformations, comprising deformations of the complex
structure and of the Kähler class, are in one-to-one correspondence with the harmonic (2,1)
and (1,1)-forms, respectively.

Type IIA NS-NS R-R

10d ĝXY B̂2 φ̂ Â1 Â3

4d gµν ti za B2 + biωi φ A0
1 A3 + Ai

1 ∧ ωi + ζΛαΛ + ζ̃ΛβΛ

4d dual gµν ti za
l
σ bi φ A0

1

l
const Ai

1 ζΛ ζ̃Λ

Table I.1: Field content of 10d type IIA supergravity and its Calabi-Yau compactification.
The last line shows the field content after dualization of p-forms in four dimensions. The
green, blue and red colors indicate fields from the gravitational, vector and hypermultiplets,
respectively.

All four-dimensional fields organize in N = 2 supermultiplets:

gravitational multiplet (gµν , A
0
1)

tensor multiplet (B2, φ, ζ0, ζ̃0)

h2,1 hypermultiplets (za, ζa, ζ̃a)
h1,1 vector multiplets (Ai

1, v
i ≡ bi + iti)

This list however does not include the 3-form A3. The reason is that such a field carries no
degrees of freedom since in four dimensions it can be dualized to a constant. In the following
we will put it to zero, although in [7] it has been shown that it can play an important
role inducing a gauge charge for the NS-axion σ. The latter scalar in turn appears after
dualization of the 2-form B2. As a result of this dualization, the tensor multiplet converts
into an additional hypermultiplet and the resulting field content is shown in the last line of
Table I.1 where different colors distinguish different types of N = 2 multiplets.

Note that the hypermultiplet dual to the tensor multiplet is always present in spectrum,
independently on the Hodge numbers of the Calabi-Yau. Due to this reason it is called
universal hypermultiplet. When h2,1 vanishes it exhausts all hypermultiplets and the problem
of its effective description represents the simplest case of the problem considered in this work.
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Chapter I: Moduli spaces in gauge and string theories

Type IIB

Now we turn to the type IIB supergravity. The bosonic part of its action reads [6]

SIIB =
1

2

∫ [
e−2φ̂

(
R̂ ? 1 + 4dφ̂ ∧ ?dφ̂− 1

2
Ĥ3 ∧ ?Ĥ3

)

−
(
F̂1 ∧ ?F̂1 + F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5

)
− Â4 ∧ dĤ3 ∧ dÂ2

]
,

(I.19)

where

Ĥ3 = dB̂2, F̂1 = dÂ0, F̂3 = dÂ2−Â0∧Ĥ3, F̂5 = dÂ4− 1

2
Â2∧Ĥ3+

1

2
B̂2∧dÂ2, (I.20)

and the equations of motion following from the action (I.19) should be supplemented by the
self-duality condition (I.16).3 As in the type IIA case, we present the result of the expansion
of ten-dimensional fields in Table I.2.

Type IIB NS-NS R-R

10d ĝXY B̂2 φ̂ Â0 Â2 Â4

4d gµν ti za B2 + biωi φ c0 A2 + ciωi Di
2ωi + D̃iω

i + AΛ
1 αΛ + Ã1,ΛβΛ

4d dual gµν ti za
l
ψ bi φ c0

l
c0 ci

l
ci A0

1 Aa
1

Table I.2: Field content of 10d type IIB supergravity and its Calabi-Yau compactification.
The last line shows the field content after dualization of 2-forms in four dimensions. The
green, blue and red colors indicate fields from the gravitational, vector and hypermultiplets,
respectively.

A new feature here is that the self-duality condition implies that the scalars D̃i and the
vectors Ã1,Λ are dual to the 2-forms Di

2 and to the vectors AΛ
1 , respectively. Therefore, they

are redundant fields and do not contribute to the spectrum. The remaining fields again
combine in N = 2 supermultiplets as follows:

gravitational multiplet (gµν , A
0
1)

double-tensor multiplet (B2, A2, φ, c0)
h1,1 tensor multiplets (ti, bi, ci, Di

2)
h2,1 vector multiplets (Aa

1, z
a)

Finally, all 2-forms can be dualized into scalars. This maps the double-tensor and h1,1 tensor
multiplets into h1.1 + 1 hypermultiplets. The resulting spectrum is shown in the last line of
Table I.2.

From this analysis one concludes that in four dimensions in both cases one obtains N = 2
supergravity given by the gravitational multiplet coupled to two types of matter multiplets:
vector multiplets (VM), whose bosonic sector contains a gauge field and a complex scalar,
and hypermultiplets (HM) each having 4 real scalars. The number of the multiplets is
determined by the Hodge numbers according to the following table:

3It is possible also to write a covariant action which incorporates the self-duality condition [8, 9].
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§1 Calabi-Yau compactifications of string theory

type IIA type IIB

hypermultiplet h2,1 + 1 h1,1 + 1
vector multiplets h1,1 h2,1

This result is in perfect agreement with the statement of mirror symmetry that type
IIA string theory compactified on a Calabi-Yau manifold Y should be equivalent to type
IIB string theory compactified on a mirror Calabi-Yau Ŷ. The mirror manifold has swaped
Hodge numbers with respect to the original Calabi-Yau

h2,1(Ŷ) = h1,1(Y), h1,1(Ŷ) = h2,1(Y), (I.21)

which agrees with the spectrum presented above.

1.3 Low energy effective action

The action of N = 2 supergravity coupled to nV vector multiplets and nH hypermultiplets to
the large extent is fixed by supersymmetry. At the two-derivative level, corresponding to the
low energy approximation of string theory, the vector and hypermultiplets stay decoupled
from each other and interact only via gravitational interaction. Thus, in the Einstein frame
the bosonic part of the action splits into three terms

Seff =
1

2

∫
R ? 1 + SVM + SHM. (I.22)

The effective action for the vector multiplets is known to have the following general form
[10, 11]4

SVM =

∫ [
−1

2
ImNIJF I ∧ ?FJ +

1

2
ReNIJF I ∧ FJ +Kī(v, v̄)dvi ∧ ?dv̄ ̄

]
, (I.23)

where the field strength of the graviphoton F0 is combined with other gauge fields and NIJ

is a complex matrix dependent on the scalars vi and their complex conjugates. Moreover,
the couplings NIJ and Kī are not arbitrary, but restricted further by N = 2 supersymmetry.
In particular, Kī must be the metric on a special Kähler manifold parametrized by vi. In
other words, it is determined by a prepotential F , a homogeneous holomorphic function,
according to (I.5). Furthermore, the gauge couplings NIJ are also determined by the same
prepotential [10]

NIJ(v, v̄) = F̄IJ − i
[N · v]I [N · v]J

vKNKLvL
, (I.24)

where we introduced NIJ = −2 Im FIJ and used vI = (1, vi). Note that ImNIJ is negative
definite so that the kinetic term in (I.23) is well defined.

As to the hypermultiplet effective action, it is given by a non-linear σ-model

SHM =

∫
d4x gαβ(q)∂µqα∂µq

β, (I.25)

4We use here the notations for indices appropriate for the type IIA case.
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Chapter I: Moduli spaces in gauge and string theories

where qα, α = 1, . . . , 4nH , denotes the collection of all scalar fields from the hypermultiplet
sector. As in the case of vector multiplets, the target space metric gαβ(q) is not arbitrary.
The N = 2 supersymmetry requires that it defines a quaternion-Kähler (QK) manifold [12].
We will study this type of geometry in detail in chapter II.

Thus, one concludes that the low energy effective action of Calabi-Yau compactifications
of type II superstring theory is completely determined by the metric on the moduli space,
which is parametrized by the scalars of vector and hypermultiplets. At the two derivative
level, the complete moduli space is factorized

M4d = MVM ×MHM, (I.26)

where the first factor is required to be special Kähler, whereas the second factor must be
quaternion-Kähler.

The holomorphic prepotential F describing MVM is tree level exact, i.e. it does not
receive any gs-corrections, and can be explicitly computed. In particular, in type IIB theory,
where the vector multiplet moduli space coincides with the space of complex structure defor-
mation of Calabi-Yau, MVM = KC , the prepotential is also free of α′-corrections. Therefore,
in this case the effective action obtained for the vector multiplets by the usual Kaluza-Klein
reduction is exact. As a result, the prepotential turns out to be the same as the one defined
via (I.8) by the holomorphic 3-form Ω.

On the other hand, in type IIA theory where MVM appears as the space of complexified
Kähler class deformations, MVM = KK , the natural prepotential (I.15) gives only the large
volume approximation of the complete geometry of the moduli space. The correct prepo-
tential can be derived using mirror symmetry which requires in particular that the moduli
spaces of type IIA and type IIB theories compactified on mirror Calabi-Yaus coincide. Due
to the factorization (I.26), this implies that

MA/B
VM (Y) = MB/A

VM (Ŷ), MA/B
HM (Y) = MB/A

HM (Ŷ). (I.27)

As a result, one can find the prepotential in type IIA from the known exact prepotential in
the type IIB formulation. The result is given by the following expression [13, 14]

F (X) = −κijk
X iXjXk

6X0
+

1

2
AIJXIXJ+χY

ζ(3)(X0)2

2(2πi)3
− (X0)2

(2πi)3

∑

kiγi∈H+
2 (Y)

n
(0)
ki

Li3

(
e2πikiX

i/X0
)

.

(I.28)
It consists of four contributions. The first term is the cubic prepotential (I.15) which ap-
peared in the analysis of Kähler deformations of Calabi-Yau. The second quadratic term is
determined by a real symmetric matrix AIJ and is usually omitted since it does not affect
the Kähler potential. However, as we will see in section V.1, it turns out to be crucial for
non-perturbative mirror symmetry. Therefore, we include it from the very beginning. The
remaining two terms represent α′-corrections and thus they are stringy effects which cannot
be obtained by the Kaluza-Klein reduction. In particular, the third term is the only pertur-
bative α′-correction, determined by the Euler characteristic of the Calabi-Yau, whereas the
last term gives a contribution of worldsheet instantons, which are exponentially suppressed
in α′. In this term the sum goes over effective divisors belonging to the second homology
group, the trilogarithm Li3(x) =

∑∞
n=1 xn/n3 encodes multi-covering effects, and n

(0)
ka

are the
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§1 Calabi-Yau compactifications of string theory

genus zero Gopakumar-Vafa invariants. It is useful to note that viewing ζ(3) as Li3(1), one

can include the one-loop correction into the sum by defining n
(0)
0 = −χY/2.

Anyway, one concludes that the holomorphic prepotential is generically known, being
determined in terms of some topological invariants of the Calabi-Yau threefold, and therefore
the vector multiplet sector is completely under control.

On the other hand, the situation in the hypermultiplet sector is much more complicated.
The difficulty is twofold. First, MHM is a quaternion-Kähler manifold. This is a more
complicated type of geometry than special Kähler. The main problem with QK manifolds
is how to parametrize their metrics. In the special Kähler case this is done through the
holomorphic prepotential, but in the QK case there is no single function playing the role of
such prepotential. We will show below that this problem is solved by using a certain twistor
space construction which provides us with a set of holomorphic functions generalizing the
prepotential of the special Kähler geometry.

The second difficulty is that, contrary to MVM, gαβ(q) receives all possible gs-corrections,
both perturbative and non-perturbative [15]. The later are especially complicated since
the rules of the string instanton calculus are not established so that the straightforward
microscopic calculation cannot be performed. As a result, we need to use other methods to
find these corrections such as various symmetries and dualities existing in string theory.

As a result, the exact non-perturbative metric on the hypermultiplet moduli space, and
therefore the low energy effective action, remains so far unknown. This metric will be the
central object of our interest and our main purpose will be to describe the progress which
has been achieved in the description of the non-perturbative geometry of MHM.

13



Chapter I: Moduli spaces in gauge and string theories

2 Hypermultiplet moduli space

2.1 Symmetries and dualities

Before we give explicit expressions for the classical metric on the hypermultiplet moduli space
and its quantum corrections, it is important to understand the general symmetry properties
of MHM. In the absence of explicit microscopic calculations, these symmetries are actually
the only tool to access the quantum corrected metric. To help the reader, we summarize
in Table I.3 the field content of the hypermultiplet moduli spaces in type IIA and type IIB
theories.

NS-NS R-R

complex structure/Kähler
deformations of Y

dilaton NS-axion
periods of p-form
gauge potentials

Type IIA za φ σ ζΛ ζ̃Λ

Type IIB vi ≡ bi + iti φ ψ c0 ci ci c0

Table I.3: Coordinates on MHM and their physical origin.

• Symplectic invariance

In the type IIA formulation the four-dimensional fields are defined with respect to a
basis of 3-cycles, (AΛ,BΛ). However, there is no canonical choice for such a basis. One
can apply to it a symplectic transformation O ∈ Sp(2h2,1 + 2,Z)

O :

(AΛ

BΛ

)
7→

(
a b
c d

)(AΛ

BΛ

)
, (I.29)

where a,b, c and d are integer valued (h2,1 + 1)× (h2,1 + 1) matrices obeying

aTc− cTa = bTd− dTb = 0,

aTd− cTb = 1,
(I.30)

and the new basis will still satisfy all required properties. Such transformation of the
basis of 3-cycles induces a symplectic transformation of the four-dimensional fields.
In particular (ζΛ, ζ̃Λ) form a symplectic vector, φ and σ are invariant, whereas the
transformation of za is induced by the symplectic transformation of the vector (XΛ, FΛ)
built from the homogeneous coordinates and the prepotential. Since physics should
not depend on the choice of the basis, the compactified theory, and the metric on MHM

in particular, should be invariant under this symplectic symmetry.

• SL(2,Z) duality

On the other hand, the type IIB string theory is known to be invariant under S-duality
[16], which is in fact generalized to SL(2,R) symmetry of the supergravity action
(I.19) [17, 18]. After compactification on a Calabi-Yau, this ten-dimensional symmetry
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§2 Hypermultiplet moduli space

descends to a symmetry of the four-dimensional effective theory. Whereas in the large
volume, small string coupling limit one still has the continuous SL(2,R) symmetry
group, one expects that it becomes broken to SL(2,Z) by α′ and gs corrections. This
symmetry plays an extremely important role in our approach. However, we postpone
the discussion of its action on the physical fields till chapter V because understanding
the correct transformation laws requires a thorough analysis of various subtle issues.

• Heisenberg symmetry

Since the scalars in the last two columns of Table I.3 appear as periods or duals of
various gauge fields, the moduli space should inherit a remnant of the gauge symmetries
of the original ten-dimensional theory. As a result, MHM turns out to be invariant
under the so called Peccei-Quinn symmetries which act as certain shifts of the RR-
fields and the NS-axion [19]. Their action is most easily described in the type IIA
formulation where they form the Heisenberg algebra:

TH,κ :
(
ζΛ, ζ̃Λ, σ

) 7→ (
ζΛ + ηΛ, ζ̃Λ + η̃Λ, σ + 2κ− η̃ΛζΛ + ηΛζ̃Λ

)
, (I.31)

so that
TH2,κ2TH1,κ1 = TH1+H2,κ1+κ2+ 1

2
〈H1,H2〉, (I.32)

where H = (ηΛ, η̃Λ) and we introduced a symplectic invariant scalar product

〈H,H ′〉 = η̃Λη′Λ − η̃′ΛηΛ. (I.33)

At the perturbative level, the parameters (ηΛ, η̃Λ, κ) can take any real value. However,
as we will discuss below, instanton corrections break these symmetries to a discrete
subgroup with (ηΛ, η̃Λ) ∈ H3(Y,Z), κ ∈ Z.

• Monodromy invariance

There is another Peccei-Quinn symmetry which is not contained in the Heisenberg
group (I.31). Its origin is clear in the type IIB formulation where MHM includes the
fields bi originating from the 2-form B̂2 and therefore inheriting the corresponding gauge
symmetry. As usual, the symmetry acts by shifting these fields, but also affecting some
other fields. However, in contrast to the Heisenberg transformations, it is a continuous
symmetry only in the large volume limit, or the large complex structure limit in type
IIA. Upon including any quantum or α′ corrections, it is broken to a discrete subgroup
and it is interpreted as monodromy invariance around the large volume point in KK .
The latter is in fact a particular subset of symplectic transformations. Nevertheless, it
is worth to consider it on its own because on the type IIB side the general symplectic
invariance is not explicit. We will return to this symmetry when we consider the type
IIB formulation in more detail in chapter V.

• Mirror symmetry

Finally, as we already know, mirror symmetry identifies the moduli space in type IIA
(type IIB) theory with the moduli space in type IIB (resp. type IIA) compactified
on the mirror Calabi-Yau (I.27). This implies that, upon correct identification of the
coordinates, the metrics on the moduli space in the two formulations must be identical.
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Chapter I: Moduli spaces in gauge and string theories

As a result, all symmetries which have been observed in one formulation, should also
be present in the other one. However, being rewritten in the new coordinates, they
may become hidden and are not easy to deal with. Thus, each symmetry is naturally
associated with one of the two formulations. For example, the type IIA formulation
is adapted to symplectic invariance, whereas the type IIB formulation is suited for
SL(2,Z) duality. On the other hand, mirror symmetry allows to pass from one to
another.

2.2 Tree level metric and c-map

From Table I.3 it follows that MHM always contains fields parameterizing either KC or KK

depending on whether we are considering type IIA or type IIB formulation, respectively.
Therefore, one can expect that the metric on MHM restricted to these subspaces coincides
with the corresponding special Kähler metric determined by a holomorphic prepotential. In
fact, it turns out that at the string tree level the full metric on MHM is determined by the
prepotential governing the vector multiplets. Such a map from a special Kähler metric to a
quaternion-Kähler metric is known as c-map.

The existence of the c-map is not accidental but has a concrete physical explanation.
It relies on compactification to three dimensions and the use of T-duality. Namely, let us
consider a compactification of type IIA and type IIB theories on the same Calabi-Yau times
a circle S1. The T-duality along the circle relates the two theories so that

IIA/
(
Y× S1

R

) ' IIB/
(
Y× S1

1/R

)
. (I.34)

On the other hand, their low energy descriptions can be obtained by compactifying the
four-dimensional effective theories from the previous section on the circle S1. Upon such
compactification, each gauge field gives rise to two massless scalars in three dimensions:
one comes from the component of the four-dimensional gauge field along the circle and
the second appears by dualizing the remaining three-dimensional vector field. As a result,
all vector multiplets in four dimensions descend to hypermultiplets in three dimensions.
Moreover, one additional hypermultiplet arises from the metric. The corresponding part of
the effective action is given by a non-linear σ-model with a quaternion-Kähler target space.
Thus, in both type IIA and type IIB cases, the full moduli space in three dimensions is given
by a product of two QK manifolds

M3d = QC(Y)×QK(Y) (I.35)

which are extensions of the complex structure and complexified Kähler moduli spaces of
the Calabi-Yau, respectively. One of the factors in (I.35) corresponds to the HM moduli
space MHM of the four-dimensional theory and the other one comes from the vector and
gravitational multiplets in the way just described. The T-duality (I.34) simply exchanges
the two factors.

This shows that MHM in type IIA (resp. type IIB) theory can be obtained by compact-
ifying the vector multiplet sector in type IIB (resp. type IIA) compactified on the same
Calabi-Yau. At the classical level one ignores the instanton contributions related to winding
modes along the compactification circle (see below section 3) and the simple Kaluza-Klein

reduction is sufficient to get the metric on MA/B
HM from the metric on MB/A

VM . This explains
why both of them are described by the same holomorphic prepotential.
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§2 Hypermultiplet moduli space

To present the result of this c-map procedure, we restrict ourselves to the type IIA
formulation. To get the corresponding result in type IIB theory, it is enough to apply mirror
symmetry. However, we will not touch this second formulation till chapter V. In the type
IIA case, in the coordinates given in Table I.3, the metric reads as follows [11, 20]

ds2
Mtree

HM
=

1

r2
dr2 − 1

2r
( ImN )ΛΣ

(
dζ̃Λ −NΛΛ′dζΛ′

) (
dζ̃Σ − N̄ΣΣ′dζΣ′

)

+
1

16r2

(
dσ + ζ̃ΛdζΛ − ζΛdζ̃Λ

)2

+ 4Kab̄dzadz̄b̄,
(I.36)

where we introduced a convenient notation for the dilaton r ≡ eφ ∼ 1/g2
(4), which encodes

also the effective string coupling in four dimensions.

2.3 Quantum corrections

String theory produces two types of corrections to the results obtained by the Kaluza-
Klein compactification: α′ and gs-corrections which may be both perturbative and non-
perturbative. α′-corrections appear together with the volume of the Calabi-Yau and there-
fore they affect only the sector comprising the moduli ti. This is the reason why in the
vector multiplet sector only the holomorphic prepotential of type IIA formulation gets these
corrections. Due to the c-map, in the hypermultiplet sector the situation in reversed: the
moduli space metric is α′-exact in type IIA and receives corrections in type IIB. Due to
mirror symmetry, both cases are described by the same metric determined completely by
the prepotential and given in (I.36).

However, this metric is valid only at tree level of string perturbation theory and further
affected by gs-corrections. The string coupling arises from the dilaton. It is always a part
of the hypermultiplet sector and this is why MHM gets gs-corrections whereas MVM is tree
level exact. Let us make an account of these corrections and their general properties:

• Perturbative corrections

Perturbative gs-corrections come from string loop diagrams. It is clear that they should
represent an expansion in powers of the dilaton, which is the counting parameter of the
string loop expansion. Besides, they should preserve the continuous Heisenberg sym-
metry (I.31) and be consistent with the known results from string loop computations
[21, 22].

• Non-perturbative corrections

Non-perturbative corrections are always associated with instanton effects. In our case
all relevant instantons have a geometric interpretation and can be viewed as Euclidean
branes wrapping non-trivial cycles of Calabi-Yau so that they appear as point-like
objects from the four-dimensional point of view. In string theory there are two types
of branes which give such contributions:

– D-brane instantons

First, these are Dp-branes of string theory with p even in type IIA and p odd in
type IIB. They have p + 1 dimensional world-volumes and therefore are expected
to wrap the cycles of the corresponding dimension. But since any Calabi-Yau
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does not have non-trivial 1- and 5-dimensional cycles, on the type IIA side only
D2-branes wrapping non-trivial 3-dimensional cycles of Y can give non-vanishing
contributions to the hypermultiplet metric. Such D2-branes are labeled by a
charge vector γ = (pΛ, qΛ) indicating the cycle wrapped by the brane, qΛAΛ +
pΛBΛ. Due to this, the branes with vanishing pΛ wrap only A-cycles and can be
called A-D2-branes. It is known that mirror symmetry maps them to D(-1) and
D1-branes on the type IIB side. Similarly, B-D2-branes having non-vanishing pΛ

are mapped to D3 and D5 branes.

On general ground it is known that the D-instanton corrections have the following
form [15]

δds2|D2 ∼ e−2π|Zγ |/gs−2πi(qΛζΛ−pΛζ̃Λ), (I.37)

where (z0 ≡ 1)
Zγ(z) = qΛzΛ − pΛFΛ(z) (I.38)

is the central charge function determined by the charge vector. This function gives
the “strength” of the instanton, whereas the imaginary terms are the so called
axionic couplings which show that the RR-fields are similar to the theta-angle in
QCD. In particular, these couplings are responsible for breaking the continuous
Heisenberg symmetry (I.31) to a discrete subgroup, except the last isometry along
σ. A similar picture arises on the type IIB side where the role of the θ-angles is
played by the RR-fields c0, ci, ci and c0 and the charge vector γ should be replaced
by a charge characterizing a D5-D3-D1-D(-1) bound state.

– NS5-brane instantons

The second type of branes is provided by the so called NS5-branes, magnetic dual
to fundamental strings, which have 6-dimensional world-volume and therefore can
wrap the whole Calabi-Yau. Again it is known on general ground that NS5-brane
contributions behave as [15]

δds2|NS5 ∼ e−2π|k|V/g2
s−iπkσ, (I.39)

where V is the Calabi-Yau volume. Thus, they are exponentially suppressed
comparing to D-instantons and characterized by a coupling to the NS-axion σ.
This last fact leads to breaking the last remaining continuous symmetry from
the Heisenberg group generated by κ-shifts in (I.31). As a result, the full non-
perturbative HM moduli space does not have any continuous isometries, but only
a set of discrete ones which have been presented in section 2.1.

2.4 Where we are

Until a few years ago, the tree level metric (I.36) and the general properties of quantum
corrections reviewed above exhausted all our knowledge about the HM moduli space. But
last years marked a remarkable progress in this direction. It was initiated by the work
[23], further elaborated in [24], where the c-map was formulated in terms of a projective
superspace [25, 26, 27]. This description of QK geometry allows to encode its metric in
a holomorphic function, projective superspace Lagrangian, and is closely related to the
twistor space approach which we develop below. But it works only in the case when the QK
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§2 Hypermultiplet moduli space

Hypermultiplet sector MHM Vector multiplet sector MVM

IIA / Y IIB / Ŷ IIA / Ŷ IIB / Y

{α′} {−}¾mirror

¾
c-map{α′, 1`}

6
SL(2,Z)

{1`, A-D2} {α′, D(-1), D1}

6
e/m duality

{1`, A-D2, B-D2} {α′, D(-1), D1, D3, D5}

6
SL(2,Z)

{α′, D(-1), D1, D3, D5, NS5}{1`, D2, NS5}

¾mirror

-mirror

¾mirror

Fig. I.1: Prospective duality chain for determining the quantum corrected low energy
effective action of type II strings compactified on a generic Calabi-Yau Y and its mirror
partner Ŷ [30].

space has a sufficient number of commuting isometries and therefore has a restricted area of
applicability. Nevertheless, this established a framework for studying quantum corrections
and the first new result obtained in this way was the 1-loop contribution to the superspace
Lagrangian [28]. Then the one-loop corrected metric has been explicitly calculated in [A2]
performing a superconformal quotient [29]. Moreover, it is believed now that this is the
only perturbative correction and all higher loop contributions can be removed by a field
redefinition.

Furthermore, there is a procedure, suggested in [30] and shown in Fig. I.1, which allows,
at least in principle, to restore all missing non-perturbative contributions by using SL(2,Z)-
duality, symplectic invariance and mirror symmetry. In this duality chain, one can start
even from the vector multiplet moduli space which in the type IIB formulation does not
receive any corrections. As we already mentioned several times, the α′-corrected metric on
MVM on the type IIA side can be obtained via mirror symmetry. Through the c-map it
gives rise to the tree level HM metric in type IIB, which should be amended by the one-
loop correction discussed just above. This correction together with α′-contributions break
the SL(2,R) invariance of the classical metric. Enforcing its discrete version, SL(2,Z),
one obtains contributions due to D1-D(-1)-instantons which are mirror symmetric to A-D2-
instantons on the type IIA side. All D2-brane contributions can be restored by symplectic
transformations and are mapped by repeated action of mirror symmetry to D3- and D5-
brane instantons on the type IIB side. Another application of S-duality then gives rise to
NS5-brane and D5–NS5 bound state instantons. Finally, applying mirror symmetry one last
time produces the NS5-brane corrections in the type IIA formulation.
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Chapter I: Moduli spaces in gauge and string theories

Where are we now on this route to the full non-perturbative description of the HM moduli
space? As described below, now we have control over all D-instanton corrections in the type
IIA formulation. Moreover, on the type IIB side we have a complete description of D(-1)-
D1-instantons and D3-D5 and NS5-brane contributions in the one-instanton approximation.
Although these results have been obtained by following the path presented in Fig. I.15, we
will not repeat it in detail. Instead, in chapter IV we will jump immediately to the description
of D2-instantons on the type IIA side and present the final construction. Before that however
we will have to develop necessary mathematical tools (chapter II) and to reformulate the
perturbative metric using this new framework (chapter III).

5The first step up towards non-perturbative contributions has been done in [31], mirror symmetry has been
applied in [30], then all D-brane instantons have been included in [A5, A6], and one-instanton contributions
due to NS5-branes have been found in [A11].
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§3 Compactified gauge theory

3 Compactified gauge theory

Let us recall that T-duality in three dimensions (I.34) relates type IIA and type IIB theories,
compactified on the same Calabi-Yau and on circles of opposite radii, exchanging the moduli
spaces coming from HM and VM sectors of the four-dimensional effective theory. Since this
duality is expected to hold at the non-perturbative level, the HM moduli space we considered
in the previous section can be realized also via circle compactifications of the vector multiplet
sector

MB/A
HM (Y) = MB/A

HM (Y× S1
1/R) 'MA/B

VM (Y× S1
R). (I.40)

The quantum corrections to MHM are then mapped to the loop corrections from the Kaluza-
Klein states and to the non-perturbative corrections due to four-dimensional BPS black holes
with NUT charge k whose world-line winds around the compactification circle.

Although this reinterpretation does not help in finding the non-perturbative description
of MHM, it provides a simplified version of our story which can be obtained in the limit
where gravity is decoupled and one remains with a N = 2 supersymmetric gauge theory.
In four dimensions, in the low energy limit such a theory is described by a set of vector
multiplets which comprise U(1) gauge fields and complex scalars. Here we are concentrated
on the Coulomb branch of the moduli space where the scalars acquire vacuum expectation
values zI and the initial (non-abelian) gauge group is broken to U(1)r with r being the rank
of the gauge group and giving the number of the vector multiplets.

The complex scalars span a moduli space Mgt
4d which carries a special Kähler metric of

rigid type determining the low energy action. Such metric, as in the usual special Kähler
case, is defined by a holomorphic prepotential. But instead of (I.5), its Kähler potential is
given by

K = −2 Im
(
z̄IFI(z)

)
. (I.41)

Then the bosonic part of the effective action reads as [32]

S4d =
1

4π

∫ [
− Im FIJ

(
dzI ∧ ?dzJ + F I ∧ ?FJ

)
+ Re FIJ F I ∧ FJ

]
. (I.42)

Thus, as in the case of vector multiplets in N = 2 supergravity, the low energy theory is
completely determined by the prepotential, which in this case is provided by the Seiberg-
Witten solution [33].

However, we are interested really in a compactification of such theory on a circle of
radius R [34]. Upon compactification, the vector multiplets give rise to the same number of
hypermultiplets and the low energy effective action is given by a non-linear σ-model with
a hyperkähler target space Mgt

3d, which is another type of quaternionic geometries to be
described in the next chapter. This is a gauge theory analogue of the statement about the
HM moduli space in string theory.

The space Mgt
3d is parameterized by complex scalars zI and by Wilson lines of the gauge

potential around the circle, which have “electric” ζI and “magnetic” components ζ̃I and are
all periodic. The perturbative metric on Mgt

3d follows from the simple 3d truncation of the
4d vector multiplet Lagrangian (I.42) and thus is completely defined by the holomorphic
prepotential F (z). This construction is known as rigid c-map [11]. However, this metric
gets instanton contributions from the massive spectrum due to BPS particles going around
the compactification circle. For large compactification radius R these contributions are
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Chapter I: Moduli spaces in gauge and string theories

exponentially suppressed since for a particle of charge γ = (qI , p
I) they are weighted by

e−2πR|Zγ | where Zγ is the same central charge function as in (I.38) giving the mass of the
BPS particle.

These instanton corrections look exactly the same as D-instanton corrections to MHM.
Therefore, one may expect that the D-instanton corrected HM moduli space appearing in
Calabi-Yau compactifications of type II string theory and the exact moduli space of a 4d
N = 2 gauge theory compactified on a circle have similar descriptions. We will see below
that these expectations turn out to be correct and indeed, without NS5-brane instantons,
the constructions of MHM and Mgt

3d in the framework of the twistor approach look almost
identical. The NS5-brane corrections however are a distinguishing feature of string theory,
which does not have an analogue in supersymmetric gauge theories. In a sense their presence
marks the difference between QK and HK spaces and why the former are more complicated
than the latter.
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Chapter II

Twistor approach to quaternionic
geometries

In the previous chapter we encountered two types of quaternionic geometries: hyperkähler
and quaternion-Kähler spaces. The former are relevant for supersymmetric gauge theories
and the latter appear in Calabi-Yau compactifications of type II string theory. The typical
problem which one needs to solve in this context is to find a quantum corrected metric on
the quaternionic space in question. On the other hand, it is hopeless to try to find quantum
corrections in a gauge or string theory directly to the components of the metric. Therefore,
we need to understand how such spaces can be conveniently parametrized and in the best case
to find an analogue of the holomorphic prepotential of the special Kähler geometry, which
would incorporate quantum corrections in an easy way. This problem has been addressed in
[A3, A4] and here we present the resulting construction.

1 HK spaces

1.1 Twistorial construction

A hyperkähler manifold K of dimension 4n is defined as a Riemannian manifold whose
holonomy group is contained in Sp(n). K is a particular case of Kähler manifold and moreover
it is Ricci-flat. In fact, K admits a two-parameter family of integrable complex structures
with respect to which the metric is Kähler

J(t, t̄) =
1− tt̄

1 + tt̄
J3 +

t + t̄

1 + tt̄
J2 + i

t̄− t

1 + tt̄
J1, t ∈ C ∪∞ = CP 1, (II.1)

where J i, i = 1, 2, 3, are three distinct complex structures which satisfy the algebra of
quaternions

J i J j = εijkJk − δij (II.2)

and thus define the quaternionic structure of the HK manifold. If ωi are Kähler forms for the
complex structures J i and ω± = −1

2
(ω1 ∓ iω2), the Kähler form for the complex structure

(II.1) can be written as

ω(t, t̄) =
1

1 + tt̄

(
(1− tt̄)ω3 − 2ītω+ + 2itω−

)
. (II.3)
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Chapter II: Twistor approach to quaternionic geometries

It is natural to consider the direct product ZK = K × CP 1 where the second factor is
associated to the sphere of complex structures. It is known as the twistor space of K. It is
a Kähler manifold with the Kähler form (II.3) degenerate along the CP 1 direction dt and
with the complex structure given by J(t, t̄) on the base K and by the standard CP 1 complex
structure on the fiber.

It turns out that this twistor space carries two additional structures which allow to encode
the geometry of K in a very convenient way. The first is given by a holomorphic 2-form Ω
which defines a holomorphic symplectic structure on each fiber of the holomorphic bundle
π : ZK → CP 1. At finite t it can be expressed through ωi as follows

Ω(t) = ω+ − itω3 + t2ω−. (II.4)

Since ω+ is holomorphic in the complex structure J3, the first two coefficients of the expansion
of Ω around t = 0 allow to read off both, the holomorphic coordinates and the Kähler (1,1)-
form. Together they are sufficient to reproduce the metric on K.

The second additional structure provides a real structure on ZK. It is defined as a
combined action of the complex conjugation and the antipodal map on CP 1, τ [t] = −1/t̄,
and it must be compatible with all other structures of the twistor space. In particular, it
should preserve the holomorphic 2-form Ω up to a t-dependent holomorphic factor. It is easy
to see that the expression (II.4) satisfies this requirement.

Taken altogether, the holomorphic symplectic structure on the fibers and the real struc-
ture turn out to be sufficient to ensure that ZK is the twistor space of a hyperkähler mani-
fold. Thus, the problem of parametrization of HK manifolds can be reformulated as a similar
problem for their twistor spaces where it reduces to a characterization of consistent pairs of
symplectic and real structures [26].

1.2 Holomorphic Darboux coordinates and transition functions

Let us first concentrate on the holomorphic symplectic structure represented by the holomor-
phic 2-form Ω. More precisely, Ω appears to be a section of the O(2)-twisted holomorphic
vector bundle Λ2T ∗

F (2) where TF = Ker(dπ) is the tangent bundle along the fibers of π. A
trivial extension of the Darboux theorem ensures that locally it is always possible to choose
holomorphic coordinates νI

[i], µ
[i]
I plus the coordinate on the fiber t where this section is given

by
Ω[i] = dνI

[i] ∧ dµ
[i]
I , (II.5)

with I = 0, 1, . . . , n − 1 and 4n = dimR K. It is important however that this can be done
only locally, which is indicated by the index [i] enumerating different open patches Ûi where
(II.5) is valid. Extending (II.5) out of the patch, the coordinates will eventually develop
a singularity and thus cannot be globally defined. Therefore, in general, one has to cover
the twistor space by such patches and in each patch to choose the appropriate Darboux
coordinates.

To ensure consistency with the real structure on ZK, it will be convenient to appropriately
adapt the covering. To this end, we assume that the antipodal map preserves the covering
and the image of Ûi is another patch Ûı̄. Then the compatibility of the symplectic and real
structures can be formulated as the following reality constraint

τ(Ω[i]) = Ω[̄ı] (II.6)
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§1 HK spaces

so that the Darboux coordinates may be chosen to satisfy similar relations, all with sign
plus, under the combined action of the complex conjugation and the antipodal map.

Of course, on the overlap of two patches Ûi ∩ Ûj the two coordinate systems should be
related by a transformation, which is not however arbitrary but preserves the holomorphic
2-form up to a t-dependent factor

Ω[i] = f 2
ij Ω[j] mod dt. (II.7)

Here fij are transition functions of the O(1) bundle on CP 1 which are described in detail in
[A3]. In particular, they satisfy

fijfjk = fik, fii = 1, τ(f 2
ij) = f 2

ı̄̄ , (II.8)

and the transition function between the two poles of CP 1 explicitly reads as f0∞ = t. Their
appearance in (II.7) is related to the fact that Ω is an O(2)-twisted section.

The condition (II.7) implies that the local Darboux coordinates are related by (O(2)-
twisted) symplectic transformations. Such transformations are generated by holomorphic
functions on ZK, which we call transition functions. To write them explicitly, it is convenient
to change variables and to work with ηI

[i] ≡ (it)−1f 2
0iν

I
[i] instead of νI

[i], where the index 0 refers

to some fixed patch Û0 which we choose to be the one around the north pole t = 0. This
allows to avoid the factor fij in the most equations. Then, taking transition functions to be
functions of the initial “position” and the final “momentum” coordinates, H [ij](η[i], µ

[j], t),
the gluing conditions look as follows

ηI
[j] = ηI

[i] − ∂
µ

[j]
I

H [ij], µ
[j]
I = µ

[i]
I + ∂ηI

[i]
H [ij]. (II.9)

It should be clear that the transition functions are not completely arbitrary, but must
satisfy various compatibility conditions. Their exact form can be found in [A3], whereas
here we just briefly mention what they require:

• H [ji] must be a generating function of the inverse of the symplectomorphism generated
by H [ij], which implies they are related by a Legendre transform;

• symplectomorphisms between different couples of patches should compose properly so
that on the overlap of three patches Ûi∩Ûj ∩Ûk, the transformation generated by H [ij]

must be the same as a composition of the transformations generated by H [ik] and H [kj];

• to be consistent with the reality conditions on Darboux coordinates in all patches, the
transition functions must satisfy

τ (H [ij]) = H [̄ı̄]. (II.10)

Besides, it is important to remember that the Darboux coordinates, and hence the transition
functions, are not uniquely defined. In each patch Ûi, it is still possible to perform a local
symplectomorphism generated by a regular holomorphic function G[i](η[i], µ

[i], t). Such a
gauge transformation will affect all transition functions related to this patch by a regular
contribution.

The transition functions are the main object of our interest because it is these functions
that play the role of the prepotentials we were looking for. In particular, they will be used to
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Chapter II: Twistor approach to quaternionic geometries

encode quantum corrections to the moduli space metrics. These transition functions contain
all geometric information about the initial HK and its twistor spaces. In other words, if one
gives a covering of the twistor space and the associated system of transition functions, then
it is possible (at least in principle) to extract the metric from this information.

To achieve this goal, the first step is to find the Darboux coordinates as functions of the
fiber coordinate t and coordinates qα on the base. Such solutions, called twistor lines, can
be found from the gluing conditions (II.9). Then substituting them into (II.5) for Ω[0] and
expanding in t, the constraints of HK geometry ensure that the expansion takes the form
(II.4). From the first two coefficients one extracts the complex structure and the Kähler
form so that the metric can be easily found.

Of course, the most difficult problem on this way is to solve the gluing conditions. Their
discrete form is not very convenient for this purpose. Instead they can be rewritten in an
integral form [A6]

ηI
[i](t, q

α) = xI + t−1uI − tūI − 1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t
∂

µ
[j]
I

H [ij](t′),

µ
[i]
I (t, qα) = %I +

1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t
∂ηI

[i]
H [ij](t′),

(II.11)

where t ∈ Ui, which is the projection of Ûj on CP 1, Cj is a contour surrounding Uj in the
counterclockwise direction, whereas complex uI and real xI , %I are free parameters playing
the role of coordinates on the base HK manifold K. The sum in (II.11) goes over all patches
including those which do not intersect with Ui. In that case the transition functions are
defined by the cocycle condition and by analytic continuation.

In terms of solutions of these equations, it is possible to give an explicit formula for
the Kähler potential in the complex structure J3, which can be expressed as an integral of
transition functions [35, A6]

KK =
1

4π

∑
j

∮

Cj

dt

t

[
H [ij] − ηI

[i]∂ηI
[i]
H [ij] +

(
t−1uI − tūI

)
∂ηI

[i]
H [ij]

]
. (II.12)

In this complex structure the holomorphic coordinates on K are given by the coefficients of
the leading terms in the small t expansion of ηI

[0] and µ
[0]
I and therefore coincide with

uI and wI ≡ i

2
µ

[0]
Λ |t=0 =

i

2
%I +

1

8π

∑
j

∮

Cj

dt

t
∂ηI

[i]
H [0j]. (II.13)

1.3 O(2) HK manifolds and their deformations

The construction presented above becomes particularly simple and explicit in the case of
O(2) HK manifolds where it coincides with the projective superspace approach. In this case
the twistor space ZK is supposed to have n global O(2) sections which may be identified with
the Darboux coordinates νI . The fact that they are globally well defined implies that the
corresponding sections ηI are the same in all patches. This is possible only if the transition
functions H [ij] do not depend on the conjugate coordinates µ

[j]
I what ensures that the HK
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space has n commuting isometries. Taking into account this independence in (II.11), one
immediately finds that1

ηI(t, qα) = xI + t−1uI − tūI . (II.14)

At the same time, the r.h.s. of the equation determining µ
[i]
I becomes independent of them

and thus represents an explicit formula for these coordinates, and not an equation to be
solved.

The independence of the transition functions on a half of coordinates simplifies many
equations. For example, the consistency conditions spelled above eq. (II.10) and the gauge
transformations generated by regular functions G[i] are written as

H [ji] = −H [ij], H [ik] + H [kj] = H [ij], H [ij] 7→ H [ij] + G[i] −G[j]. (II.15)

Besides, the formula for the Kähler potential (II.12) can be interpreted as a Legendre trans-
form of the following Lagrangian [25, 26]

L(uI , ūI , xI) =
1

4π

∑
j

∮

Cj

dt

t
H [0j](ηI , t) (II.16)

with respect to the coordinates xI

KK(u, ū, w, w̄) = 〈L(uI , ūI , xI)− xI(wI + w̄I)〉xI . (II.17)

This formula clearly shows that the Kähler potential and the metric do not depend on the
coordinates i%I = wI − w̄I so that ∂%I

provide the set of commuting Killing vectors on K.
Assume now that our transition functions can be represented as

H [ij](η[i], µ
[j], t) = H [ij]

(0) (η[i], t) + H [ij]
(1) (η[i], µ

[j], t), (II.18)

where H [ij]
(1) is considered as a perturbation around H [ij]

(0) . Then one can try to find the metric
on K by a perturbative expansion in powers of H [ij]

(1) . The equations (II.11) determining
the holomorphic Darboux coordinates are particularly suited for such perturbative analysis.
Indeed, as was noted above, in the leading approximation the coordinates ηI

[i] are globally well

defined and given in (II.14), whereas µ
[i]
I are obtained by integrating ∂ηIH [ij]

(0) (η, t). Then at
the nth order of perturbative expansion, one first finds ηI

[i] by evaluating H [ij]
(1) on the Darboux

coordinates found at the previous step and gets µ
[i]
I afterwards by substituting ηI

[i] at nth

order and µ
[j]
I at (n− 1)th order in the r.h.s. of (II.11).

The linear approximation has been considered in detail in [A3]. In particular, it has
been shown that the Kähler potential is given by the same Legendre transform as in (II.17)
where the Lagrangian is defined by the full perturbed transition functions. As a result, it
becomes %I-dependent and there are no isometries anymore. The linear deformation of the
Kähler potential is provided by the Penrose transform of the perturbing transition functions
evaluated on the unperturbed Darboux coordinates

K(1)(u, ū, w, w̄) =
1

4π

∑
j

∮

Cj

dt

t
H [0j]

(1) (η, µ[j], t). (II.19)

1In [A3] also the case of n O(2k) global sections has been described in this formalism. The corresponding
transition functions are again µI -independent and the expansion of the Darboux coordinates ηI comprise
then 2k + 1 terms generalizing (II.14). However, for k > 1 the integral representation (II.11) is not the
convenient starting point and should be appropriately modified. Here we restrict to the case k = 1 due to
its relevance for the physical applications.
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ζ+ ζ −ζ+ ζ −
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1/0
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2 3

4

Fig. II.1: Logarithmic branch cuts and integration contours. The solid black line represents
the branch cut of µ[0](t), and the semi-dotted red lines are the branch cuts of H [0+]. On the
left, the dotted line is an initial contour used to derive the integral representation (II.11). On
the right, the dotted line is the final figure-eight contour along which one integrates log η.
The part of the contour between points 2 and 4 lies on a different Riemann sheet of the
logarithm.

1.4 Branch cuts and open contours

So far we implicitly assumed that the singularities, developed by the Darboux coordinates
and canceled by transition functions going from one patch to another, are of the pole type.
The presence of branch cuts introduces additional complications. If a branch cut does not
belong to one patch, but goes through several patches, in the formulas like (II.11) one
cannot use the usual contours Ci because they are not closed anymore being split by the cut.
Fortunately, in [A3] it has been shown that the mutual compatibility of transition functions
ensures that one can always reconnect the contours in such a way they the standard integral
formulas as (II.11) are still valid. The new feature which arises here is that the transition
functions having branch cuts may be integrated along more complicated contours than just
the ones surrounding the patches. What is important however is that these contours appear
to be always closed.

A typical example is provided by the figure-eight contour encircling two logarithmic
singularities. It appears, for example, in the situation when there are two transition functions
having a similar logarithmic term

H [0±] = ±c log η, (II.20)

where U± are the patches surrounding the roots t = ζ± of η(t) = 0. In this case a combination
of two (non-closed) contours C+ and C− can be reconnected to the figure-eight contour as
shown on Fig. II.1.

A very important remark is that the transition functions with branch cuts allow an
effective description in terms of open contours. Namely, it is clear that the contribution of
an integral of a singular transition function around its branch cut, up to possible residues at
the end points, can be equally obtained by integrating its discontinuity along the cut. The
same is true for the figure-eight contours with the difference that the integral goes now along
a contour joining two branch singularities and representing a cut of a Darboux coordinate.
(In the above example, this is the line joining ζ±. Note that the cuts of Darboux coordinates
and transition functions do not necessarily coincide.) Therefore, instead of working with
singular transition functions and the corresponding complicated contours, one can describe
their effect on Darboux coordinates by their discontinuities associated to open contours.
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Geometrically this result is obtained by shrinking the patches surrounding the branch
points (U± in the above example) along a line, say `, joining them. This allows to extend the
Darboux coordinates from the bounding patches till `, whereas the shrunken patches reduce
just to small discs around the end points of ` and may be even completely removed if the end
points do not produce any residue contributions. However, the analytical continuations from
the left and right of ` do not match, but differ by the discontinuity of the initial singular
transition function across the branch cut (more precisely, its appropriate derivative). The
same effect is ensured by adding to the integral representation (II.11) a line integral along `
of the above discontinuity.

Thus, instead of assigning a set of open patches and transition functions, a HK manifold
can be characterized by providing a set of (closed or open) contours on CP 1 and a set of
associated holomorphic functions H [ij]. We will see that most of the instanton corrections
to the gauge and string moduli spaces are introduced precisely in this way being associated
with open contours.
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Chapter II: Twistor approach to quaternionic geometries

2 QK spaces

2.1 HKC construction and twistor space

Now we pass to the more complicated case of QK spaces appearing in supergravity [36]. A
QK manifoldQ is a 4n-dimensional Riemannian manifold whose holonomy group is contained
in Sp(n) × SU(2). Similarly to HK spaces, it carries a quaternionic structure represented
by a triple of almost complex structures J i satisfying the algebra (II.2). These J i give rise

to the quaternionic two-forms ~ωQ(X, Y ) = gQ( ~JX, Y ), which are covariantly closed with
respect to the SU(2) part ~p of the Levi-Civita connection and proportional to the curvature
of ~p,

d~ωQ + ~p× ~ωQ = 0, d~p +
1

2
~p× ~p =

ν

2
~ωQ, (II.21)

where the proportionality coefficient is related to the Ricci scalar curvature as R = 4n(n+2)ν.
In the limit of vanishing ν the quaternion-Kähler geometry becomes hyperkähler. We are
mainly interested in the case of negative curvature.

A more complicated nature of the QK geometry compared to the HK one can be seen
from the fact that the former is not even Kähler (so that the name is somewhat misleading).
As a result, we do not have at our disposal such quantities like Kähler potential which can
be used to derive the metric in a simple way. Fortunately, to each QK manifold one can
associate in a canonical way a HK space KQ with some additional properties. It is called
hyperkähler cone (HKC) or Swann bundle [37] and appears as a C2/Z2 bundle over Q. In
the physical parlance, when the HKC space is realized as the target space of an N = 2
supersymmetric σ-model [29], the additional properties or, more precisely, restrictions can
be interpreted as conditions of superconformal symmetry. This implies that there is a scaling
symmetry and an SU(2) symmetry coming from the RR-sector of the σ-model. This gives
precisely 4 degrees of freedom to be factored out to go from the HKC space down to the QK
base.

Not only this construction allows to work with an easier type of geometry, but the
additional symmetries make it even more special. In particular, they lead to the existence
of the so called hyperkähler potential χ such that the metric on KQ, in real coordinates,
satisfies

gMN = DM∂Nχ. (II.22)

In any complex structure χ reduces to a Kähler potential. Thus, this is a very convenient
quantity to work with, encoding the geometry of the Swann bundle.

However, this construction does not solve yet the problem of parametrization of QK
manifolds. Nevertheless, it suggests a natural strategy: since the parametrization problem
of HK spaces is solved by considering their twistor spaces, one should start from such twistor
space and impose the conditions ensuring that this is the twistor space of a hyperkähler cone.
After factoring out the auxiliary degrees of freedom, this procedure leads to the twistor space
ZQ of the initial QK manifold, which in fact appears as an intermediate step in the Swann
construction. Namely, it is a CP 1 bundle over Q, whereas KQ is a C× bundle over ZQ. Thus,
one has the following chain of bundles

ZKQ → KQ → ZQ → Q, (II.23)

where at each step the real dimension is decreased by 2.
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§2 QK spaces

It turns out that in terms of transition functions on ZKQ , the condition that KQ is a HKC
requires that these functions do not depend explicitly on t and are (quasi-)homogeneous2

of first degree in ηI [A4]. One can then impose these conditions in the formulas of the
previous section and extract the corresponding equations describing the initial QK manifold.
In particular, due to the homogeneity condition, ηI appear now as projective coordinates.
Singling out one of them, say ηα, one ends up with an odd number of inhomogeneous ones
given by (I = (Λ, α), Λ = 0, . . . , n− 1)

ξΛ =
ηΛ

ηα
, ξ̃Λ = µΛ, α = µα. (II.24)

These are holomorphic coordinates on the twistor space ZQ. In particular, since none of
them coincides with the coordinate on the CP 1 fiber, this demonstrates that, in contrast to
the twistor space of a HK manifold, ZQ is a non-trivial bundle with fibers which are not
holomorphic.

The most important for us is what is happening with the symplectic structure represented
by a set of holomorphic 2-forms Ω[i]. It turns out that it descends to a holomorphic contact
structure on ZQ. The latter is provided by a set of holomorphic one-forms X [i], defined up
to rescaling by a nowhere vanishing holomorphic smooth function, such that X [i] ∧ (dX [i])n

is the non-vanishing holomorphic top form. To obtain X [i] from Ω[i], it is sufficient to write
the holomorphic 2-form as a differential of the Liouville form

Ω[i] = dΘ[i], Θ[i] = νI
[i]dµ

[i]
I , (II.25)

and divide the latter by να
[i],

X [i] = (να
[i])

−1Θ[i] = dα[i] + ξΛ
[i]dξ̃

[i]
Λ . (II.26)

This shows that ξΛ
[i], ξ̃

[i]
Λ and α[i] are local Darboux coordinates for the contact one-form X [i],

which can be thought as an odd-dimensional counterpart of the symplectic structure.
The existence of the holomorphic contact structure is the characteristic feature of the

twistor space of a QK manifold [36, 38]. Moreover, it is known to be proportional to a certain
canonical (1,0)-form Dt defined by the SU(2) connection ~p

X [i] =
4

it
eΦ[i]

Dt, Dt = dt + p+ − itp3 + t2p−, (II.27)

where t again denotes the coordinate on the CP 1 fiber of the twistor space. The proportion-
ality coefficient is given in terms of a function Φ[i] ≡ Φ[i](qα, t), holomorphic in t, which we
refer as “contact potential”. Note that in general it is defined only locally what is reflected
by the patch index. Nevertheless, this is a very important quantity for several reasons. First
of all, its real part provides the Kähler potential on the twistor space ZQ

K
[i]
ZQ = log

1 + tt̄

|t| + Re Φ[i]. (II.28)

2Here “quasi” refers to the possibility of a mild modification of the homogeneity condition due to logarith-
mic terms in the transition functions of the kind considered in section 1.4. The modification is characterized
by a set of constant parameters called “anomalous dimensions”. Although they affect some of the following
equations, in this subsection we assume that they all vanish (see [A4] for complete results). However, we
introduce them back in (II.35) because they are responsible for physically important effects.
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Chapter II: Twistor approach to quaternionic geometries

Secondly, it gives rise to a certain function on the QK base manifold

φ ≡ Re
[
Φ[+](t = 0)

]
, (II.29)

where [+] denotes the patch around t = 0. This new function turns out to be closely related
to the hyperkähler potential on the HKC

χ =
eφ

4r[
, (II.30)

where r[ is a certain function invariant under the SU(2) isometric action on KQ, with weight
one under dilations (see [A4] for more details). Thus, φ is a natural potential to be associated
with a QK space. Moreover, in physical applications it can be identified with the dilaton
field and acquires nice transformation properties under action of symmetries.

Finally, note that the contact one-form and the Darboux coordinates are subject to the
reality conditions written as

τ(X [i]) = X [̄ı]. (II.31)

2.2 Transition functions

As in the HK case, the geometry of the twistor space is encoded in the gluing conditions
between different coordinate systems given by (ξΛ

[i], ξ̃
[i]
Λ , α[i]), which provide the canonical

representation of the contact one-form (II.26). However, now the gluing conditions become a
bit more complicated since they describe local contact transformations. Such transformations
are generated by holomorphic functions of ξΛ

[i] in one patch and ξ̃
[j]
Λ , α[j] in another patch,

which we denote by the same symbol H [ij] as in the previous section. Similarly to (II.7), the
contact one-form is rescaled by a holomorphic factor

X [i] = f̂ 2
ij X [j], (II.32)

but this factor turns out to be completely determined by the transition functions

f̂ 2
ij = 1− ∂α[j]H [ij]. (II.33)

The gluing conditions for the Darboux coordinates read as [A6]

ξΛ
[j] = ξΛ

[i] − ∂
ξ̃
[j]
Λ

H [ij] + ξΛ
[j] ∂α[j]H [ij],

ξ̃
[j]
Λ = ξ̃

[i]
Λ + ∂ξΛ

[i]
H [ij],

α[j] = α[i] + H [ij] − ξΛ
[i]∂ξΛ

[i]
H [ij],

(II.34)

and can be rewritten in the following integral form

ξΛ
[i](t, q

α) = AΛ + t−1Y Λ − tȲ Λ − 1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t

(
∂

ξ̃
[j]
Λ

H [ij] + ξΛ
[j] ∂α[j]H [ij]

)
,

ξ̃
[i]
Λ (t, qα) = BΛ +

1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t
∂ξΛ

[i]
H [ij] − 2icΛ log t, (II.35)

α[i](t, qα) = Bα +
1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t

(
H [ij] − ξΛ

[i]∂ξΛ
[i]
H [ij]

)
− 2i

(
cα log t + cΛ

(
Y Λt−1 + Ȳ Λt

))
.
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Here complex Y Λ and real AΛ, BΛ, Bα parametrize the space of solutions of the gluing con-
ditions and can be chosen as coordinates on Q. However, they contain 4n + 1 variables, one
more than is needed for a 4n-dimensional QK manifold. One auxiliary coordinate can be
absorbed by a phase rotation of the CP 1 coordinate t, which allows to choose, for example,
Y 0 to be real. On the other hand, cΛ and cα are just numerical parameters. They provide
the so called “anomalous dimensions” mentioned in footnote 2. They arise due to the possi-
bility to have transition functions on the HKC KQ which are not simply homogeneous, but
quasi-homogeneous and characterize this “anomalous” behavior.

As is the case for the Kähler potential of HK spaces, there is an integral representation
of the contact potential introduced above in terms of solutions of the equations (II.35). It is
given by the following formula

Φ[i](t, qα) = φ− 1

2

∑
j

∮

Cj

dt′

2πit′
t′ + t

t′ − t
log

(
1− ∂α[j]H [ij]

(1) (t′)
)
, (II.36)

where the t-independent part reads as

eφ =
1

16π

∑
j

∮

Cj

dt

t

(
t−1Y Λ − tȲ Λ

)
∂ξΛ

[i]
H [ij] +

cΛ

2
AΛ +

cα

2
. (II.37)

Finally, note that the conclusions of section 1.4 are equally applied to the given case and
in all above equations some of the contours may be taken to be open. This is a sign of the
presence of branch cuts and there is always a possibility to reformulate such a construction
in terms of the usual open patches and closed contours only. But the latter is usually much
more involved than the one in terms of open contours.

2.3 The metric

As in the previous section, the first and the most complicated step on the way to the metric
is to solve the gluing conditions (II.35) and to find the holomorphic Darboux coordinates as
functions of coordinates on Q and the CP 1 coordinate t. Once this step is completed, the
procedure to extract the metric is straightforward, although more involved than in the HK
case. It involves the following steps [A4, A5]:

1. compute the components of the SU(2) connection from (II.26), (II.27), (II.36) and
(II.37);

2. compute the triplet of quaternionic 2-forms ~ωQ using the second equation in (II.21);

3. expand the holomorphic one-forms dξΛ, dξ̃Λ and dα around t = 0 and project them
along the baseQ, producing local one-forms on Q of Dolbeault type (1, 0), which allows
to get the almost complex structure J3;

4. obtain the metric via g = ω3
Q · J3.

We refer to [A5] for further details where all elements of the construction are expressed in
terms of first few coefficients of the expansion of Darboux coordinates around t = 0.
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Chapter II: Twistor approach to quaternionic geometries

2.4 Toric QK geometries, deformations and isometries

There exists a QK analogue of O(2) HK spaces where the integral equations (II.35) provide
explicit expressions for the Darboux coordinates and we do not have any equations to solve
anymore. This is the case where the transition functions are independent of ξ̃

[j]
Λ and α[j],

which describes QK manifolds with n + 1 commuting isometries. We will call them toric
geometries. The corresponding Killing vectors are given by ∂BΛ

and ∂Bα and their moment
maps provide global sections on the twistor space which coincide with the unit function and
a half of Darboux coordinates

ξΛ = t−1Y Λ + AΛ − tȲ Λ. (II.38)

The HKC of a toric manifold is an O(2) HK space whose Kähler potential appears as a
Legendre transform (II.17). Thus, the toric manifolds are those QK spaces which can be
described using the projective superspace approach and this fact has been extensively used
in the study of quantum corrections to the HM moduli space in [23, 28, 31].

Generic QK spaces can be viewed as perturbations around the toric case if the transition
functions can be represented as in (II.18). Again, the integral equations (II.35) can be used
to provide a perturbative solution expanded in powers of H [ij]

(1) . The linear approximation
was studied in detail in [A4].

A generic perturbation breaks all continuous isometries of Q. However, if an isometry
has survived, it is known that it can be lifted to a holomorphic isometry of the twistor
space ZQ. Moreover, even if a continuous symmetry is broken by perturbations to a discrete
subgroup, the remaining discrete isometry should still be realizable on ZQ holomorphically.
This property was instrumental in our study of string moduli spaces because a combination
of discrete symmetries with holomorphicity turns out to be sufficiently powerful to generate
all quantum corrections to the classical metric.

Besides the toric geometries, there is another special case which is worth to consider
in detail. Let us assume that Q has one continuous isometry. One can always choose the
Darboux coordinates such that the corresponding holomorphic Killing vector on ZQ is ∂α[i] .
As a result, our transition functions are independent on the coordinates α[j] which leads to
crucial simplifications. First of all, in this case the functions f̂ij (II.33) become trivial so
that the contact one-form becomes globally defined. Besides, the contact potential (II.36) is
also real, globally defined and independent on t, Φ[i] = φ(qα). But more importantly is that
such Q can be identified locally with a HK space of the same dimension. This identification
was called QK/HK correspondence [A12] and plays an important role for moduli spaces in
theories with N = 2 supersymmetry.

2.5 QK/HK correspondence

The QK/HK correspondence is a one-to-one map between a QK space with a quaternionic
isometry and a HK space of the same dimension also having an isometry and equipped with
a hyperholomorphic line bundle L [A12] (see also [39]). This map can be constructed quite
explicitly if one proceeds as follows

K
(4n+4)
Q

↗ ↘
Q(4n) K(4n)

(II.39)
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§2 QK spaces

It means that, first, one associates a HKC KQ to the initial QK manifold. In particular, the
isometry on Q gives rise to a tri-holomorphic isometry on KQ. Then at the second step this
isometry can be used to perform a hyperkähler quotient which produces a HK space of the
same dimension as the initial QK space.

Following this procedure, it is possible to give explicit formulae for the dual HK metric
and the hyperholomorphic connection of L . Let the initial QK metric and the SU(2)
connection are represented as

ds2
Q = β (dθ + Θ)2 + ds2

Q/∂θ, p3 = −1

ρ
(dθ + Θ) + Θ′ (II.40)

where ∂θ generates the isometry, Θ is a connection one-form, β is a function on Q invariant
under ∂θ, and we chose a SU(2) frame such that the QK moment map ~µQ for ∂θ is aligned
along the third axis and described by a function ρ. Then the dual metric is found to be
[A12]

ds2
K =

dρ2

ρ
− 2ρ ds2

Q/∂θ
+ 4ρ |p+|2 + (γ + ρ) (dθ′ + Θ′)2

, (II.41)

where we traded β for a new function γ defined by

β =
γ + ρ

2ρ2γ
. (II.42)

As is clear from (II.41), the dual metric possesses an isometry generated by ∂θ′ . It is also
possible to show that the curvature of the connection

λL = γ (dθ′ + Θ′) + Θ (II.43)

is a (1,1)-form in all complex structures and thus defines a hyperholomorphic line bundle.
It is very important to consider the HK space together with this line bundle, because there
are many QK spaces which are mapped to the same HK manifold and which differ only by
the form of the hyperholomorphic connection λL .

In fact, the QK/HK correspondence becomes particularly simple in our twistor approach.
Indeed, as indicated in the previous subsection, one can always adjust Darboux coordinates
such that the transition functions are α-independent, which implies that the coordinate θ
should be identified with Bα. Then the gluing conditions (II.34) for ξΛ and ξ̃Λ reduce to the
usual symplectomorphisms identical to (II.9) so that the equations determining the twistor
lines in HK and QK cases become equivalent. From this fact one immediately concludes
that, to describe the dual spaces, Q and K, in the twistor approach, it is sufficient to take
the same covering of their twistor spaces and the same transition functions

H
[ij]
K (η, µ, t) = H

[ij]
Q (η, µ), (II.44)

which implies also a simple relation between the Darboux coordinates

ηΛ(t) = ξΛ(e−iθ′t), µΛ(t) = ξ̃Λ(e−iθ′t) (II.45)

provided we identify
uΛ = Y Λeiθ′ , xΛ = AΛ, %Λ = BΛ. (II.46)
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The relation (II.44) shows that the image of the duality map (II.39) consists of those HK
spaces whose transition functions can be taken independent on the CP 1 coordinate t. This
independence is the origin of the isometry along θ′.

This construction leaves aside so far the remaining Darboux coordinate α. It is precisely
this holomorphic coordinate that is responsible for the existence of the hyperholomorphic
line bundle L on K. It defines a holomorphic section on ZK and appears as a potential for
the connection λL

KL = Im α, λL =
1

2i
(∂ − ∂̄)KL . (II.47)

It is interesting that the contact potential eφ (II.37) of the QK geometry also plays an
important role: it is proportional to the moment map ρ (see (II.40)) [A4] and relates the
Kähler potentials for the HK metric and the hyperholomorphic curvature

4eφ = KK + KL . (II.48)

The above formulae have been written ignoring the possibility to have non-vanishing
anomalous dimensions which appear explicitly in (II.35). However, it is easy to incorporate
them and one finds that their variation induces just a coordinate transformation on the dual
HK manifold [A12], whereas both, the metric and the hyperholomorphic curvature, stay
invariant. Thus, it seems that the QK/HK correspondence erases any information about
them. But this is not the case as the anomalous dimensions affect the hyperholomorphic
connection λL changing it by an exact term. This is a manifestation of the fact, the QK/HK
correspondence produces λL in a fixed Kähler gauge. This is clear from (II.43) as Kähler
transformations involving dθ′ change the function γ and, as a consequence, the QK metric
(II.40).

Why is this pure mathematical duality relevant for us? The point is that the QK/HK
correspondence relates the local and rigid c-map metrics based on the same prepotential
F . Besides, the same relation continues to hold upon inclusion of the one-loop correction
on the QK side: as we will see in section III.2, in the twistor description it appears as a
non-vanishing anomalous dimension cα and hence does not affect the dual HK metric. Thus,
the QK/HK correspondence provides a nice connection between perturbative metrics on the
HM moduli space MHM of compactified Type II string theory and the moduli space Mgt

3d of
circle compactification of a N = 2 gauge theory, considered in section I.3.3 It shows that,
although the HM moduli space is quaternion-Kähler, it can be viewed as coming from a
more simple hyperkähler space.

Moreover, as was discussed in section I.2.3, all D-instanton corrections to the metric on
MHM preserve the isometry along the NS-axion. Therefore, in the approximation where
the instanton corrections from NS5-branes are ignored, MHM is still subject to the QK/HK
correspondence. A remarkable fact is that the image of this map is again given by Mgt

3d, now
corrected by BPS instantons, so that the latter can be identified with the D-instantons in
string theory. This provides an explanation why their twistor constructions, which we are
going to present in chapter IV, look very similar. At the same time, we see that the inclusion
of NS5-brane contributions destroys the correspondence and makes the moduli space MHM

truly quaternion-Kähler.

3It should be noted however that the holomorphic prepotentials relevant for gauge and string theories are
of different types. In particular, the image of the local c-map metric under the QK/HK correspondence is a
HK metric of Lorentzian signature, whereas the metric on Mgt

3d should be positive definite.
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Chapter III

Tree level and perturbative
corrections

1 Tree level moduli space in the twistor description

The tree level metric on the HM moduli space is obtained by the c-map procedure as de-
scribed in section I.2.2 and is given explicitly in (I.36). It possesses several continuous isome-
tries which, in particular, include the Heisenberg symmetry transformations (I.31) shifting
the RR-fields and the NS-axion. This implies that at tree level MHM is a toric QK manifold.
Its twistor description has been proposed in [A4] heavily relying on the results of [23, 24]
which used the projective superspace formalism. The latter essentially coincides with our
twistor description of HK spaces which are constrained to be hyperkähler cones with n + 1
commuting isometries. Here we present only the final construction.

As we learnt in the previous chapter, to define a QK manifold, it is sufficient to provide
its covering and the associated set of transition functions. In practice, we will always work
locally in the moduli space. As a result, we should care only about the covering of the CP 1

fiber and the Darboux coordinates develop singularities only in t.

Taking this comment into account, we consider the Riemann sphere and introduce a
covering by three patches, U+,U− and U0: the first patch surrounds the north pole (t = 0),
the second is around the south pole (t = ∞), and the third one covers the region around the
equator of the sphere, as is shown on Fig. III.1. It is clear that in this case there are only
two independent transition functions defined on the intersection of U0 with U±. It turns out
that this construction produces the HM moduli space provided these functions are chosen
as follows

H [+0] = F (ξ), H [−0] = F̄ (ξ). (III.1)

Since we are describing a toric QK manifold, the transition functions depend only on the
Darboux coordinates ξΛ. For these coordinates we do not have to specify the patch because
they are globally defined as in (II.38). The full set of Darboux coordinates can be easily
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Fig. III.1: Covering of CP 1 by three patches and the associated transition functions.

found using (II.35) and in the patch U0 they are given by [24]

ξΛ
[0] = ζΛ +

τ2

2

(
t−1zΛ − t z̄Λ

)
,

ξ̃
[0]
Λ = ζ̃Λ +

τ2

2

(
t−1FΛ(z)− t F̄Λ(z̄)

)
,

α̃[0] = σ +
τ2

2

(
t−1W (z)− t W̄ (z̄)

)
,

(III.2)

where
W (z) ≡ FΛ(z)ζΛ − zΛζ̃Λ (III.3)

and used the following redefinition of coordinates

AΛ = ζΛ, BΛ = ζ̃Λ − ζΣ Re FΛΣ(z), Bα = −1

2

(
σ + ζΛBΛ

)
, Y Λ =

τ2

2
zΛ. (III.4)

The new coordinates1 ζΛ, ζ̃Λ, σ, za turn out to coincide with the physical fields of the com-
pactified string theory in the type IIA formulation. Comparing with Table I.3, one observes
that we are missing the dilaton φ. It can be obtained from the additional coordinate τ2,
which is in fact identified with the ten-dimensional string coupling. More precisely, the dila-
ton appears as the contact potential, which does not depend on the CP 1 coordinate due to
the isometries and therefore can be considered as a coordinate on the moduli space. Using
(II.37), one finds

eΦ = eφ =
τ 2
2

16
K(z, z̄). (III.5)

The last thing which we need to explain regarding (III.2) is α̃[i]. This is a shifted version
of α[i] defined as

α̃[i] = −2α[i] − ξΛ
[i]ξ̃

[i]
Λ . (III.6)

It is more convenient because α̃[0] is explicitly invariant under symplectic transformations
(I.29). At the same time, (ξΛ

[0], ξ̃
[0]
Λ ) form a symplectic vector. This property ensures the

1Note that z0 ≡ 1 and therefore Y 0 = τ2/2 is real in agreement with the comment below (II.35).
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§1 Tree level moduli space in the twistor description

symplectic invariance of the whole construction. Besides, it demonstrates the distinguished
role of the patch U0. In other patches the Darboux coordinates can be obtained by using
the gluing conditions (II.34) with the transition functions (III.1). In U± the poles at t = 0
and t = ∞, respectively, are canceled, but the explicit symplectic invariance is broken.

From this twistor construction and the generic behavior of the instanton corrections
described in section I.2.3, one can already learn a few lessons on how these corrections
should be incorporated. Comparing the dependence of the Darboux coordinates (III.2)
on the RR-fields and the NS-axion with the leading form of the D-brane and NS5-brane
instantons, (I.37) and (I.39), one finds that the transition functions encoding them should
scale, respectively, as

Hγ ∼ e−2πi(qΛξΛ−pΛξ̃Λ), Hk ∼ e−πikα̃hk(ξ, ξ̃). (III.7)

Thus, the Darboux coordinates ξΛ, ξ̃Λ and α̃ can be viewed as a twistor space lift of ζΛ, ζ̃Λ

and σ. This also implies that if one introduces only D2-instantons associated with A-cycles,
i.e. one puts pΛ = 0, then the Darboux coordinates ξΛ remain unmodified and given by the
tree level result (III.2).

Following the procedure outlined in section II.2.3, one can derive the metric on the QK
manifold defined by the above covering and transition functions. Being expressed in terms
of the type IIA physical fields, the metric coincides with the well known result for the tree
level metric on the HM moduli space (I.36), which confirms the validity of our construction.
Note that the transition functions (III.1) are completely defined in terms of the holomorphic
prepotential. This is essentially the content of the c-map. Thus, in our formalism it gets a
simple and nice realization by means of the identification (III.1).
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2 Perturbative moduli space

2.1 One-loop correction in the twistor space

A way to incorporate the one-loop gs-correction has been suggested in [28]. The proposal has
been formulated in the projective superspace framework based on symmetry considerations
and on the previous results of [21, 40, 22, 41]. Namely, it was found that the one-loop
correction gives rise to an additional term in the Lagrangian (II.16) of the following form

L1-loop =
c

πi

∫

C8

dt

t
ηα log ηα, (III.8)

where C8 is the figure-eight contour encircling the two zeros of ηα(t) and c is a deformation
parameter which encodes the one-loop correction. This parameter was found in [28] by
matching the microscopic string calculations of [21, 22] and is completely determined by the
Euler characteristic of the Calabi-Yau,

c = − χY

192π
. (III.9)

The deformation term (III.8) precisely corresponds to the situation described in section
II.1.4 and is generated by a quasi-homogeneous transition function ηα log ηα. As we know,
such contributions do not descend to non-trivial transition functions on the twistor space of
the initial QK manifold, but instead they give rise to non-vanishing anomalous dimensions.
Indeed, as was shown in [A4], to obtain the one-loop corrected HM moduli space, it is
sufficient to supplement the transition functions (III.1) by one non-vanishing anomalous
dimension

cα = −2c =
χY

96π
, cΛ = 0. (III.10)

This simple modification incorporates all perturbative effects because, as was argued in
[28, A4], the moduli space metric does not get higher loop corrections.

This correction affects the last Darboux coordinate in (III.2) and the contact potential.
From (II.35) and (II.37), one finds

α̃[0] = σ +
τ2

2

(
t−1W (z)− t W̄ (z̄)

)
+

iχY

24π
log t, eφ =

τ 2
2

16
K(z, z̄) +

χY

192π
. (III.11)

Thus, the only effect of the one-loop correction is the introduction of logarithmic singularities
at the north and south poles of CP 1 and a shift of the dilaton by a constant term. Of course,
its effect on the metric is much more significant. It will be the subject of the next subsection.

2.2 Moduli space metric

First, the one-loop corrected metric has been found in [28], however, in a somewhat inexplicit
form. A much more simple and explicit expression has been obtained in [A2] by performing
the standard superconformal quotient [29] of the HKC defined by the tree level Lagrangian
and its correction (III.8). Later the same result has been reproduced from the twistor
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§2 Perturbative moduli space

formulation of the previous subsection [A4]. As a result, the one-loop corrected metric was
found to be

ds2
Mpert

HM
=

r + 2c

r2(r + c)
dr2 − 1

2r
( ImN )ΛΣ

(
dζ̃Λ −NΛΛ′dζΛ′

)(
dζ̃Σ − N̄ΣΣ′dζΣ′

)

+
2c

r2K

∣∣∣zΛdζ̃Λ − FΛdζΛ
∣∣∣
2

+
r + c

16r2(r + 2c)
Dσ2 +

4(r + c)

r
Kab̄dzadz̄b̄,

(III.12)

where Dσ is the one-form

Dσ = dσ + ζ̃ΛdζΛ − ζΛdζ̃Λ + 8cAK (III.13)

corrected at one-loop by the Kähler connection

AK =
i

2
(Kadza −Kādz̄ā) . (III.14)

Thus, we observe that the effect of the one-loop correction, described by the numerical
coefficient c (III.9), is to modify the dilaton-dependent coefficients of various terms and to
add an additional term to the connection (III.13). The latter describes the circle bundle of
the NS-axion over the torus of the RR-fields. This bundle and the one-loop correction to its
curvature will play an important role in the study of NS5-brane contributions in chapter VI.

More importantly, the one-loop correction introduces a curvature singularity at r = −2c
for c < 0. One expects that it should be resolved by instanton corrections. Such a resolution
can only happen once all corrections, including those which come from NS5-branes, are taken
into account at all orders. Since this goal has not been achieved yet, this resolution problem
remains open. The apparent singularities at r = 0 and r = −c can be shown to be of
coordinate nature [A7].
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Chapter IV

D-brane instantons

1 D-instanton corrected twistor space

The metric (III.12) presented in the previous chapter provides the complete perturbative
description of the HM moduli space. The next step is to include non-perturbative corrections.
As we saw in section I.2.3, they come either from D-branes wrapping non-trivial cycles or
NS5-branes. In this chapter we will concentrate on the former type of corrections and
postpone the latter till chapter VI. This implies that we are working in the region of the
moduli space where the string coupling determined by the dilaton is small and therefore
the NS5-brane corrections are exponentially suppressed comparing to the D-instanton ones.
Besides, we restrict ourselves to the type IIA formulation so that our results should explicitly
respect symplectic invariance. The mirror type IIB formulation will be considered in the next
chapter.

Thus, here our aim is to present the construction of the HM moduli space in the type IIA
formulation which includes contributions from D-brane instantons. We do not go through
its derivation, which followed the chain of dualities shown in Fig. I.1, but give just the
final picture [A5, A6]. However, for reader’s convenience, we approach it in several steps.
First, we explain how one can incorporate contributions coming from D-branes wrapping one
particular cycle of the Calabi-Yau. Then we superpose contributions from different cycles
obtaining a description valid in the one-instanton approximation. And finally we explain how
non-linear effects can be taken into account, which produces the final construction encoding
all D-instanton corrections.

1.1 BPS rays and transition functions in the one-instanton ap-
proximation

Let us start by picking up a non-contractible cycle on the Calabi-Yau which can give rise
to non-trivial instanton corrections to the HM metric. Since we are working in the type
IIA formulation, D-instantons arise only from D2-branes and thus one should consider a
three-dimensional cycle. More precisely, this should be a special Lagrangian submanifold in
a homology class qΛγΛ − pΛγΛ ∈ H3(Y,Z) [42]. The vector γ = (pΛ, qΛ) can be seen as the
charge associated to the brane, with −γ being the charge of the anti-brane. Our first goal
is to show how one can generate non-perturbative contributions to the HM metric coming
from these particular BPS objects.
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§1 D-instanton corrected twistor space

The construction we are going to present crucially relies on the twistor methods devel-
oped in chapter II and can be viewed as an enrichment of the twistor space describing the
perturbative HM moduli space from the previous chapter. Thus, what we need is to pro-
vide a refinement of the covering, used in that description and shown in Fig. III.1, and to
give transition functions associated with the new patches. Once this task is completed, the
D-instanton corrected metric can be found following the recipe of section II.2.3.

To describe the new covering, let us recall that every charge vector gives rise to the
central charge function Zγ(z) (I.38). For fixed complex structure moduli za, the phase of
this function can be used to define the so called “BPS ray” `γ. This is a line on CP 1 going
between the north and south poles along the direction determined by arg Zγ(z):

`γ = {t : Zγ(z)/t ∈ iR−}. (IV.1)

It is clear that the “BPS ray” associated with the anti-brane of the opposite charge −γ is its
antipodal image. Together they form a circle which splits the patch U0 into two patches. It
turns out that the D-instanton contributions related to D2-branes of charge ±γ are generated
by introducing discontinuities of the Darboux coordinates across the circle. This implies that
there should be a non-trivial transition function which can be shown to be defined in terms
of the dilogarithm function Li2(x) =

∑∞
n=1 xn/n2. Across the BPS ray `γ it is given by [A5]

Hγ(ξ, ξ̃) =
Ω(γ)

(2π)2
Li2

(
σD(γ)e−2πiΞγ

)
, (IV.2)

where Ξγ = qΛξΛ − pΛξ̃Λ, whereas Ω(γ) and σD(γ) are numerical factors to be discussed
below. Across the opposite ray `−γ the transition function is given by a similar expression
where the sign in the exponent and in the argument of σD is flipped, which is nothing else
but H−γ provided Ω(γ) do not depend on the sign of the charge, Ω(γ) = Ω(−γ).

Few comments about the transition functions (IV.2) are in order:

• The function (IV.2) is consistent with the expected scaling (III.7), whereas the sum in
the dilogarithm encodes multi-covering effects.

• The direction of the BPS ray `γ is chosen such that the function Hγ evaluated on the
tree level Darboux coordinates (III.2) is exponentially decreasing as t → 0 or ∞ along
`γ. It is clear that this property continues to hold for all contours which lie in the
half-plane centered at `γ.

• The coefficients Ω(γ) in (IV.2) are some numbers which carry a topological informa-
tion about the Calabi-Yau manifold. For pΛ = 0 they coincide with the genus zero
Gopakumar-Vafa invariants determining the instanton part of the holomorphic prepo-
tential (I.28) in the mirror formulation,

Ω(0, qΛ) = n(0)
qa

for {qa} 6= 0, Ω(0, (0, q0)) = χY. (IV.3)

For generic charge they are expected to be integer and were related to the generalized
Donaldson–Thomas invariants introduced in [43] and satisfying the so called KS wall-
crossing formula which will be explained in section 2.2.
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Chapter IV: D-brane instantons

Fig. IV.1: Two coverings of CP 1. The left picture shows a regular covering by open patches
which generates the HM twistor space affected by one D-instanton. The covering on the right
is obtained in the limit where the strips U± go to zero width along the BPS rays `±γ, while
maintaining a non-zero size at the north and south pole.

• The other numerical factor σD(γ) in (IV.2) is a “quadratic refinement of the intersection
form” on the charge lattice Γ. It is defined as a homomorphism σ : Γ → U(1), i.e. a
phase assignment such that

σD(γ + γ′) = (−1)〈γ,γ′〉 σD(γ) σD(γ′), (IV.4)

where we used the symplectic scalar product defined in (I.33). The general solution of
(IV.4) can be parametrized as [44]

σD(γ) = E

(
−1

2
qΛpΛ + qΛθΛ

D − pΛφD,Λ

)
≡ σΘD

(γ), (IV.5)

where Θ = (θΛ, φΛ) are the so called characteristics and we introduced a very conve-
nient notation E(z) = exp [2πiz]. In the case when the characteristics are half-integer,
the quadratic refinement becomes just a sign factor. Although it seems to be harmless,
its presence is important for consistency with wall-crossing [45] and affects the global
structure of the moduli space [A10, A11].

• In (IV.2) we did not specify the patch indices of the Darboux coordinates entering
the arguments of Hγ. This is because this form of the transition function is valid
strictly speaking only in the one-instanton approximation. In this approximation it is
sufficient to use for ξΛ, ξ̃Λ their perturbative expressions in the patch U0 (III.2). At the
full non-linear level one should evaluate ξΛ on the left of the BPS ray and ξ̃Λ on the
right, which would naively spoil the symplectic invariance of the construction. For the
moment we ignore this complication and will address it below in section 1.2.

• The presented construction of the instanton corrected HM moduli space is an example
of the description based on the use of open contours. We discussed such possibility in
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§1 D-instanton corrected twistor space

Fig. IV.2: “Octopus-like” and “melon-like” coverings of CP 1 and the associated transition
functions.

section II.1.4. Here the open contours are given by the BPS rays `γ and, as expected,
introduce branch cuts in the Darboux coordinates. This fact leads to the necessity to
modify also the transition functions between U0 and the patches U± around the poles
because the tree level transition functions (III.1) are not sufficient to remove the cuts.
This goal can be achieved by considering

H [+0] = F (ξ[+]) + Gγ, H [−0] = F̄ (ξ[−])− Gγ, (IV.6)

where the instanton part is described by the function

Gγ(Ξγ) =
iΩ(γ)

4π3

∫ −i∞

0

Ξ dΞ

Ξ2
γ − Ξ2

Li2
(
σD(γ)e−2πi Ξ

)
. (IV.7)

It has two branch cuts from t = 0 and t = ∞ to the two roots of Ξγ(t) = 0. The
discontinuity along these cuts is precisely given by Hγ which allows to get regular
coordinates in U±.

• Moreover, the transition functions (IV.6) can be used to provide a description of the
same moduli space which uses only open patches and closed contours. For this pur-
pose, one extends the patches U± down to the equator with a non-vanishing mutual
intersection as shown in Fig. IV.1. This gives a completely regular description of the
twistor space where the functions (IV.6) and the anomalous dimension (III.10) are the
only input data. The previous picture with the BPS rays arises upon shrinking U±
along `±γ while retaining a finite size around the north and south pole [A6].

To include D-branes wrapping other cycles, one should repeat the above procedure asso-
ciating with each charge a new BPS ray and introducing across it a discontinuity described
by the transition function given by the same formula (IV.2). As a result, one obtains the
“melon-like” picture (Fig. IV.2) where the covering consists of sectors of CP 1 divided by
the contours `γ and the usual patches U±.
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Chapter IV: D-brane instantons

Similarly one can generalize the formulation based on open patches. This leads to the
picture shown on the left of Fig. IV.2 which resembles two octopuses with touching fingers.
The corresponding transition functions are given by (IV.6) with the functions Gγ summed
over different charges.

Although it is straightforward to evaluate the Darboux coordinates in the one-instanton
approximation [A5], we refrain from giving them explicitly. Instead, in section 1.3 we pro-
vide the full result which includes all D-instanton corrections to all orders in the instanton
expansion. From this result the one-instanton approximation will trivially follow.

1.2 All orders construction

Let us go beyond the one-instanton approximation which was used so far. It turns out that
for this purpose one should just adjust the transition functions (IV.2) in the way that ensures
the symplectic invariance and consistency with wall-crossing.

Let us order all charges γ ∈ Γ (including those for anti-branes) according to decreasing of
the phase of the central charge function and enumerate them by the index a. Furthermore,
the sector bounded by `γa−1 and `γa on Fig. IV.2 will be denoted by Ua and we define

Ξ[ab]
γc
≡ qc,ΛξΛ

[a] − pΛ
c ξ̃

[b]
Λ , Ξγa ≡ Ξ[aa]

γa
. (IV.8)

Then the above two requirements uniquely fix the gluing conditions for the Darboux coor-
dinates ξΛ

[a], ξ̃
[a]
Λ across the BPS rays which must be given by

ξΛ
[a+1] = ξΛ

[a] −
Ω(γa)

2πi
pΛ

a log
(
1− σD(γa)e

−2πiΞγa
)
,

ξ̃
[a+1]
Λ = ξ̃

[a]
Λ − Ω(γa)

2πi
qa,Λ log

(
1− σD(γa)e

−2πiΞγa
)
.

(IV.9)

It is easy to check that these transformations are symplectomorphisms in the (ξ, ξ̃)-subspace
and therefore there should be a Hamiltonian function generating them. This function would
coincide with (IV.2) if not the fact, mentioned on page 44, that its arguments should belong
to different patches. The correct transition function can nevertheless be found [A6], although
it is given only implicitly by

H [a a+1](ξ[a], ξ̃
[a+1]) = Hγa −

1

2
qa,ΛpΛ

a (H ′
γa

)2, (IV.10)

where Hγ(Ξγ) is defined in (IV.2) and Ξγa should be understood as a function of Ξ
[a a+1]
γa (and

thus as a function of the arguments of H [a a+1]) defined through the transcendental equation

Ξ[a a+1]
γa

= Ξγa − qa,ΛpΛ
a H ′

γa
(Ξγa). (IV.11)

This complicated definition is designed to ensure that

∂ξΛ
[a]

H [a a+1] = qa,ΛH ′
γa

, ∂
ξ̃
[a+1]
Λ

H [a a+1] = −pΛ
a H ′

γa
(IV.12)

and thus the gluing conditions (IV.9) are indeed satisfied.
Similarly, the transition functions to the poles (IV.6) acquire non-linear terms. Their

exact expressions can be found in [A6] and are quite involved. However, the instanton terms
in H [±0] do not affect the evaluation of the metric and are needed only for consistency of the
construction. Altogether the above data completely define the HM moduli space in the type
IIA formulation with inclusion of all D-brane instantons.
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§1 D-instanton corrected twistor space

1.3 Darboux coordinates and contact potential

Although the transition functions uniquely define the twistor space and the underlying
quaternionic manifold, to actually compute the metric one needs to solve the integral equa-
tions (II.35) for the twistor lines. In our case, they can be shown to reduce to the following
system [45, A6]

Ξγ(t) = Θγ +
τ2

2

(
t−1Zγ − tZ̄γ

)

+
1

8π2

∑

γ′
Ω(γ′) 〈γ, γ′〉

∫

`γ′

dt′

t′
t + t′

t− t′
log

(
1− σD(γ′)e−2πiΞγ′ (t

′)
)

,
(IV.13)

where
Θγ ≡ qΛζΛ − pΛζ̃Λ. (IV.14)

These equations encode all non-trivialities of the problem. Once the functions Ξγ(t) are
known, the Darboux coordinates can be easily given in terms of the integral which appears
also on the r.h.s. of (IV.13)

Jγ(t) =

∫

`γ

dt′

t′
t + t′

t− t′
log

(
1− σD(γ)e−2πiΞγ (t′)

)
. (IV.15)

Indeed, one finds the following result [A6]

ξΛ
[a] = ζΛ +

τ2

2

(
t−1zΛ − t z̄Λ

)
+

1

8π2

∑

b

Ω(γb)p
Λ
b Jγb

(t),

ξ̃
[a]
Λ = ζ̃Λ +

τ2

2

(
t−1FΛ − t F̄Λ

)
+

1

8π2

∑

b

Ω(γb)qb,ΛJγb
(t), (IV.16)

α̃[a] = σ +
τ2

2

(
t−1W − tW̄)

+
iχX

24π
log t +

i

8π3

∑

b

Ω(γb)

∫

`γb

dt′

t′
t + t′

t− t′
Lγb

(t′),

where t ∈ Ua,

W = W − 1

8π2

∑

b

Ω(γb) Zγb
Jγb

(0), (IV.17)

and in the last Darboux coordinate we used

Lγ(t) = L
(
σD(γ)e−2πiΞγ (t)

)− 1

2
log σD(γ) log

(
σD(γ)e−2πiΞγ (t)

)
, (IV.18)

L(z) = Li2(z) +
1

2
log z log(1− z). (IV.19)

The latter function is known as the Rogers dilogarithm. To complete the set of geometric
data, we also give a formula for the contact potential, which can still be identified with the
dilaton. Computing (II.37) in our situation gives the following result [A6]

eφ =
τ 2
2

16
K(z, z̄) +

χX

192π

− iτ2

64π2

∑
a

Ω(γa)

∫

`γa

dt

t

(
t−1Zγa − tZ̄γa

)
log

(
1− σD(γa)e

−2πiΞγa (t)
)
.

(IV.20)
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In the limit of small string coupling, the equations (IV.13) are well suited for perturbative
treatment. Regarding the last term as a perturbation, one can easily generate an instanton
expansion which is equivalent to the expansion in powers of Ω(γ). In particular, to get the
one-instanton approximation, one should take

Ξγ(t) = Θγ +
τ2

2

(
t−1Zγ − tZ̄γ

)
(IV.21)

and substitute it into (IV.15) and subsequent formulae. It is interesting to note that if one
restricts the attention to a sector in the charge lattice where all charges satisfy the following
condition

〈γa, γb〉 = 0, (IV.22)

the last term in (IV.13) vanishes and the linear instanton approximation becomes exact. A
particular set of such “mutually local states” is given, for example, by D2-branes wrapping
only A-cycles which all have pΛ = 0.

1.4 Symplectic invariance

Although the Darboux coordinates (IV.16) and the contact potential (IV.20) perfectly re-
spect the symplectic symmetry, one can wonder why this is not the case for the transition
functions (IV.10) and whether one can find a more invariant formulation? It is clear that the
answer to the first question is hidden in the asymmetry in the arguments of H [a a+1]: they
belong to different patches and therefore do not form a symplectic vector. Precisely this fact
is also the reason for the presence of the non-symplectic invariant quadratic term in (IV.10).

Therefore, if the second question has an affirmative answer, it should be possible to write
the transition functions generating gluing conditions across BPS rays as functions of Darboux
coordinates in one patch. However, not every function of such form can be considered as a
generating function of symplectomorphisms in the (ξ, ξ̃)-subspace. It is easy to check that a
function Ĥ [ij](ξ[i], ξ̃

[i]) generates a symplectomorphism if it satisfies the following condition

∂ξΛ
[i]
Ĥ [ij] d

(
∂

ξ̃
[i]
Λ

Ĥ [ij]
)

= ∂
ξ̃
[i]
Λ

Ĥ [ij] d
(
∂ξΛ

[i]
Ĥ [ij]

)
. (IV.23)

In other words, this property ensures that the transformation

ξΛ
[j] = ξΛ

[i] − ∂
ξ̃
[i]
Λ

Ĥ [ij], ξ̃
[j]
Λ = ξ̃

[i]
Λ + ∂ξΛ

[i]
Ĥ [ij] (IV.24)

preserves the symplectic form dξΛ ∧ dξ̃Λ. Moreover, it can easily be lifted to a contact
transformation provided the Darboux coordinate α̃ transforms as

α̃[j] = α̃[i] − 2Ĥ [ij] + ξΛ
[i]∂ξΛ

[i]
Ĥ [ij] + ξ̃

[i]
Λ ∂

ξ̃
[i]
Λ

Ĥ [ij]. (IV.25)

Remarkably, the condition (IV.23) is identically satisfied if the function Ĥ [ij] depends
on its arguments only through their linear combination. This is precisely our case where
the linear combination is given by Ξγ! Thus, it is legal to take Ĥ [a a+1] = Hγa and one
easily verifies that the transformations generated by (IV.24) coincide with the ones given in
(IV.9), whereas (IV.25) explicitly shows how the dilogarithm function of (IV.2) turns into
the Rogers dilogarithm appearing in (IV.16).
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§2 Gauge theories and wall-crossing

2 Gauge theories and wall-crossing

2.1 BPS instantons

As was discussed in section I.3, N = 2 supersymmetric gauge theories compactified on
a circle give rise to moduli spaces carrying a hyperkähler geometry. At the perturbative
level the metric on such moduli space is obtained via rigid c-map and is determined by
the holomorphic prepotential of the four-dimensional theory. But there are also instanton
contributions which come from the massive BPS states of the spectrum and look similar to
the D-instanton corrections in superstring theory considered above.

The complete non-perturbative description of these BPS instanton contributions has
been developed in [45]. It is based on the twistor space approach presented in section II.1
and the resulting picture is essentially identical to the description of D-instantons from the
previous section. Namely, with each BPS state one associates a BPS ray whose position
is defined by the phase of the central charge and the Darboux coordinates on the opposite
sides of the ray are related by the symplectomorphism (IV.9). In particular, the Darboux
coordinates are given by solution of the same system of non-linear integral equations (IV.13).
A mathematical explanation of this similarity is provided by the QK/HK correspondence
presented in section II.2.5 and can be traced back to the presence of continuous isometries
on the two sides of the duality. In our case they originate from R-symmetry and due to
ignorance of NS5-brane instantons, respectively.

Although the description of [45] is sufficient to get the metric on the moduli space, in
the following we will need an explicit formula for the Kähler potential. It was derived in
[A9] from the general formula (II.12) specified for our covering and transition functions. The
final result reads as follows

KMgt
3d

=
R2

8
K(z, z̄) +

1

4
NIJ

(
ζIζJ +

1

64π4

∑

a,b

Ω(γa)Ω(γb)p
I
ap

J
b

∫

`γa

Dat

∫

`γb

Dbt
′
)

− 1

16π3

∑
a

Ω(γa)

∫

`γa

dt

t

[
Li2

(
σ(γa)e

−2πiΞγa
)− 2πiζI

(
qa,I − pJ

a Re FIJ

)
log

(
1− σ(γa)e

−2πiΞγa
)]

+
i

128π4

∑

a 6=b

Ω(γa)Ω(γb) 〈γa, γb〉
∫

`γa

Dat

∫

`γb

Dbt
′ t + t′

t− t′
, (IV.26)

where we abbreviated

Dat =
dt

t
log

(
1− σ(γa)e

−2πiΞγa (t)
)
. (IV.27)

Here the Kähler potential is written in terms of the real coordinates on the moduli space.
To be applied for the computation of the metric, it should be reexpressed as a function of
the holomorphic coordinates (II.13) which in our case can be taken as

zI and wI ≡ ζ̃I − FIJζJ − 1

8π2

∑
a

Ω(γa)
(
qa,I − FIJ(z)pJ

a

) ∫

`γa

Dat. (IV.28)

Note that the quantity (IV.26) is not explicitly symplectic invariant. Instead, KMgt
3d

can be

shown to transform by a Kähler transformation [A9] so that it is perfectly consistent with
the symplectic symmetry.
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2.2 Wall-crossing

So far we were working over a fixed point in the moduli space. Let us assume now that we
are slowly changing the moduli zI . As a result, one changes also the phases of the central
charges Zγ(z) and, consequently, the position of BPS rays. It is natural to expect that at
some point two BPS rays may align and then exchange their order. On the other hand,
it is easy to see that the symplectomorphisms across the BPS rays are not commutative
provided they correspond to non-mutually local charges, 〈γ, γ′〉 6= 0. Thus, two different
orders of BPS rays lead to two different solutions for Darboux coordinates and, therefore, to
two different metrics. But how is this possible given the fact that the metric on our moduli
space must be continuous?

To achieve the continuity of the metric, one should take into account the wall-crossing
phenomenon and, in fact, the behavior we have just observed is its nice geometric mani-
festation. Indeed, it has been known for long time [46, 47, 48] that in both gauge theories
and supergravity there are certain walls of codimension 1 in the moduli space, called lines of
marginal stability, where the spectrum of single-particle BPS states discontinuously jumps.
This means that, crossing the wall, some BPS states either decay or on the contrary recom-
bine to form a bound state. For example, it is known that the distance between two centers
in a two-centered black hole solution is given by [48]

r12 =
1

2

〈γ1, γ2〉 |Zγ1 + Zγ2|
Im

(
Zγ1Z̄γ2

) . (IV.29)

Due to the presence of the denominator, the hypersurface in the moduli space where the
two central charges, Zγ1 and Zγ2 , align splits the moduli space into two parts. In one part
r12 is positive and in the second it is negative. But a negative distance is meaningless which
indicates that in this region of the moduli space the two-centered solution is unstable and
decays.

This example illustrates the general fact that the lines of marginal stability appear where
the phases of two or more central charge functions coincide. This is precisely the condition
for the alignment of BPS rays in our twistor construction! Thus, already at this point we
see that the two phenomena are related two each other.

Furthermore, the information about the single-particle spectrum is contained in the BPS
indices Ω(γ), which appear explicitly in our transition functions (IV.2). The wall-crossing
implies that, besides the charge, they carry also a piecewise-constant dependence on the
moduli zI and jump across the lines of marginal stability. Thus, there are two origins of
discontinuity in our story: the jump of Ω(γ) and the reordering of BPS rays. This gives a
chance that they can cancel each other and the resulting metric would be continuous. As
was shown in [45], this is indeed the case.

In fact, this result is a direct consequence of a formula suggested by Kontsevich and
Soibelman [43] which determines Ω(γ) on one side of the wall if they are known on the
opposite side. Let us introduce operators

Uγ = exp

( ∞∑
n=1

enγ

n2

)
(IV.30)

constructed from the generators of the Lie algebra of infinitesimal symplectomorphisms of
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§2 Gauge theories and wall-crossing

the complex torus which satisfy

[eγ, eγ′ ] = (−1)〈γ,γ′〉 〈γ, γ′〉 eγ+γ′ . (IV.31)

Then given two charges, γ1 and γ2, whose central charges align, the KS formula states that
the product of symplectomorphisms U

Ω(γ;z)
γ , ordered according to decreasing of the phase of

Zγ(z), stays the same on the two sides of the wall, i.e.

x∏
γ=nγ1+mγ2

m>0,n>0

UΩ−(γ)
γ =

y∏
γ=nγ1+mγ2

m>0,n>0

UΩ+(γ)
γ . (IV.32)

Identifying eγ = σD(γ)e−2πiΞγ , one recognizes in the operator U
Ω(γ;z)
γ the exponentiated tran-

sition function (IV.2), whereas its adjoint action on eγ′ reproduces the symplectomorphisms
(IV.9). Given these identifications, the KS formula is nothing else but the statement that the
wall-crossing does not change the symplectic structure of the twistor space. As a result, the
two effects mentioned above compensate each other and the resulting metric on the moduli
space is continuous.

Although originally this interpretation of the KS wall-crossing formula has been developed
in the context of gauge theories and symplectic geometry, it can also be lifted to contact
geometry associated with quaternion-Kähler spaces [A12]. To this end, it is enough to show
that the transformations of the Darboux coordinate α̃ induced by Uγ satisfy a property
similar to (IV.32). These transformations can be read off from (IV.16) or (IV.25) and
are given by the Rogers dilogarithm. Then the corresponding wall-crossing formula becomes
equivalent to one of the dilogarithm identities and one concludes that our twistor construction
consistently implements the wall-crossing in the context of superstring theory.
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3 Integrability

3.1 Relation to TBA

It turns out that the instanton corrected moduli spaces described above, in both cases of
gauge and string theory, are intimately related to an integrable structure. This relation
is based on the observation of [45] that the equations (IV.13), which encode geometric
information about the twistor space and its base manifold, turn out to coincide with the
equations of Thermodynamic Bethe Ansatz, very well known in the theory of two-dimensional
integrable models [49]. To establish this relation, for each BPS particle of type a one defines

• rapidity parameter θ as t = ieiψa+θ where ψa = arg Zγa ,

• spectral density εa(θ) = 2πi
(
Ξγa(ie

iψa+θ)−Θγa

)
,

• mass βma = 2πτ2|Zγa| with β being the inverse temperature,

• chemical potential βµa = −2πiΘγa + log(−σ(γa)),

• kernel

φab(θ) = − i

2
〈γa, γb〉 eθ + ei(ψb−ψa)

eθ − ei(ψb−ψa)
, (IV.33)

and denotes na = Ω(γa). Then all BPS rays are mapped to the real axis and the integral
equations (IV.13) take the following form

maβ cosh θ = εa(θ) +
1

2π

∑

b

nb

∫ ∞

−∞
dθ′ φab(θ − θ′) log

(
1 + eβµb−εb(θ

′)
)

. (IV.34)

These equations are identical to the standard TBA equations except for the factors na which
can be interpreted as weights of particles of type a.

Although this is a curious observation, one can ask whether this is just a coincidence or a
reflection of some deep relation between the non-perturbative moduli spaces and integrability.
In the following subsections we will give two observations which put the observed relation
on a firmer ground and thus support the second option [A9].

3.2 Potentials, free energy and Yang–Yang functional

First of all, if the above observation is more than a coincidence then it should be possible to
relate not only equations but also some physically or mathematically interesting quantities.
Let us consider first the case of gauge theories. In this case the moduli space is HK and
the most natural quantity to consider is the Kähler potential. Its full non-perturbative
expression was given in (IV.26). In [A9] it was found that if one extracts its symplectic
invariant, instanton part, it turns out to coincide with an important quantity in the theory
of TBA which is known as Yang–Yang functional. This is a functional which generates the
action principle for the TBA equations following from it by varying with respect to the
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spectral densities. It can be conveniently written as [50]

W [ϕ, ρ] =
1

8π2

∑

a,b

∫
dθ

∫
dθ′ φab(θ − θ′)ρa(θ)ρb(θ

′)

+
1

2π

∑
a

∫
dθ

[
ρa(θ)ϕa(θ)− na Li2

(
eλa(θ)−ϕa(θ)

)]
.

(IV.35)

Here ϕa(θ) is the interacting part of the spectral density and λa(θ) encodes its free part
together with the chemical potential

ϕa(θ) = εa(θ)−maβ cosh θ, λa(θ) = β(µa −ma cosh θ)− πi. (IV.36)

Varying (IV.35) with respect to ϕa and ρa and using (IV.36), one indeed gets the TBA
equations (IV.34). The critical value of the Yang–Yang functional is then given by

Wcr = − 1

8π2

∑

a,b

nanb

∫
dθ

∫
dθ′ φab(θ − θ′) log

(
1− eλa(θ)−ϕa(θ)

)
log

(
1− eλb(θ

′)−ϕb(θ
′)
)

− 1

2π

∑
a

na

∫
dθ Li2

(
eλa(θ)−ϕa(θ)

)
. (IV.37)

Comparison of this expression with the exact Kähler potential (IV.26) of the gauge theory
moduli space reveals that it reproduces two instanton symplectic invariant terms of the
latter. Thus, one has the following relation

KMgt
3d

=
R2

8
K(z, z̄)− 1

4
N IJ(wI − w̄I)(wJ − w̄J)

+
1

64π4

∑

a,b

Ω(γa)Ω(γb)Qab

∫

`γa

Dat

∫

`γb

Dbt
′ +

1

8π2
Wcr,

(IV.38)

where N IJ is the inverse of NIJ = −2 Im FIJ , Qab is constructed in terms of charges as

Qab =
1

4
NIJpI

ap
J
b + N IJ

(
qa,I − pK

a Re FIK

) (
qb,J − pL

b Re FJL

)
, (IV.39)

and we rewrote several contributions in terms of the holomorphic coordinates wI defined in
(IV.28).

Let us now turn to string theory. In this case the moduli space is QK and does not have
a Kähler potential or any other function which gives the metric in an easy way. The most
“close” quantity of that kind is provided by the contact potential φ. We already saw that
it plays an important role being, for example, associated with the four-dimensional string
coupling. Besides, it is also closely related to the hyperkähler potential on the corresponding
HKC (see (II.30)). Due to these reasons, it is natural to expect that it will play also a
certain role in the correspondence with integrable systems. And this indeed turns out to be
the case: it is trivial to see that the instanton part of the contact potential (IV.20) coincides
with the free energy of the integrable system given by

F(β) =
β

2π

∑
a

ma

∫ ∞

−∞
dθ cosh θ log

(
1 + eβµa−εa(θ)

)
, (IV.40)
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so that one has the following relation

eφ =
τ 2
2

16
K(z, z̄) +

χX

192π
− 1

32π2
F(β). (IV.41)

Thus, in both cases we have a relation between fundamental quantities characterizing the
geometry and physics of the model. Moreover, given the form of (IV.38) and (IV.41) and the
fact that the free energy is usually considered as one of the most important quantities in the
context of TBA, the string theory relation looks somewhat simpler and more fundamental
than the gauge theory one. This indicates that may be the full string theory result will still
be consistent with integrability.

3.3 S-matrix

The second observation concerns the integrability of the S-matrix corresponding to the TBA
(IV.34). In integrable two-dimensional models the S-matrix is factorizable and is completely
determined by its two-particle sector. The two-particle S-matrix in turn can be obtained
from the kernel of the integral TBA equation because φab(θ) is known to be given by its
logarithmic derivative: φab(θ) = −i∂ log Sab

∂θ
. Integrating (IV.33), one finds the following

result

Sab(θ) ∼
[
sinh

(
1

2
(θ + i(ψa − ψb))

)]〈γa,γb〉
. (IV.42)

As was noticed in [45], this S-matrix is non-unitary. However, it is not necessarily a problem
since integrability does not require unitarity. On the other hand, it imposes on the S-matrix
a set of severe conditions. This is their complete list:

• Lorentz invariance — It implies that the S-matrix should depend only on the rapidity
difference of two particles θ = θa − θb.

• Zamolodchikov algebra — It means that the particle creation operators must satisfy
Φa(θ)Φb(θ

′) = Sab(θ − θ′)Φb(θ
′)Φa(θ). Applying this identity twice, one gets the fol-

lowing restriction on the S-matrix

Sab(θ)Sba(−θ) = 1. (IV.43)

• Crossing symmetry — It relates the scattering in the s- and t-channels and requires
that

Sbā(πi− θ) = Sab(θ), (IV.44)

where ā denotes the antiparticle of a particle of type a.

• Yang-Baxter equation — It means that the order in which the particles are scattered
should not matter and can be depicted as follows
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Sab(θ)Sac(θ + θ′)Sbc(θ
′) = Sbc(θ

′)Sac(θ + θ′)Sab(θ), (IV.45)

• Bootstrap identity — This is the most non-trivial requirement on the S-matrix which
relates its singularity structure to the spectrum. Namely, it demands that if Sab(θ)
has a pole in the physical strip, i.e., at θ = iuc

ab where uc
ab ∈ (0, π), then the spectrum

should contain a bound state c̄ with the mass

m2
c̄ = m2

a + m2
b + 2mamb cos uc

ab, (IV.46)

appearing in the fusing process a+ b → c̄. But the most important condition is that it
does not matter whether an additional particle, say d, scatters with the bound state c̄
or consequently with the two particles a, b, which leads to the following constraint

J
J

J
J

J
J

J
J













J
J

J
Ĵ

J
J

J
Ĵ





À





À

HHHHHHHHHj
HHHHHHHHHj

a ad

d

bb

c̄ c̄
=

Sda(θ − iūb
ca)Sdb(θ + iūa

bc) = Sdc̄(θ), ūc
ab = π − uc

ab. (IV.47)

In [A9] it was shown that all these conditions are satisfied. In particular, note that
the poles of the S-matrix (IV.42) correspond to uc

ab = ψb − ψa. The mass formula (IV.46)
together with its expression in terms of the central charge Zγ yields

βmc̄ = 2πτ2|Zγa+γb
|, (IV.48)

which implies that the bound state c̄ has charge γa + γb consistently with the physical
interpretation. Moreover, upon changing the moduli, the fusing angles uc

ab may penetrate
from the physical strip to a non-physical one or vice versa. This happens at ψa = ψb which
precisely corresponds to a line of marginal stability! Thus, there is a direct link between
stability of BPS states and positions of fusing angles on the complex plane.

We believe that all these observations strongly indicate in favor of a hidden integrable
structure in the geometry of the instanton corrected moduli spaces.
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3.4 Y-system and unusual features of TBA

TBA equations are integral equations on spectral densities. Quite often it is useful to rewrite
them in the form of finite-difference equations which are known as Y-system (see [51] for a
review). For this purpose one introduces the Y-functions

Ya(θ) = −eβµa−εa(θ) (IV.49)

and, using ψā = ψa+π and Θā = −Θa, one easily verifies that our TBA leads to the following
relations [A9]

Ya

(
θ +

πi

2

)
Yā

(
θ − πi

2

)
=

∏

ā<b<a

[
1− Yb

(
θ + i

(
π
2

+ ψa − ψb

))]nγb
〈γa,γb〉

. (IV.50)

This is the Y-system for the case at hand. For a general configuration of charges it is
extremely complicated and possesses a few unusual features:

• First, on the l.h.s. of (IV.50) one multiplies functions associated with a particle and
its antiparticle, whereas usually one has only one function.

• Second, on the r.h.s. the Y-functions are all evaluated at different points, whereas
usually their arguments do not contain any shifts. Moreover, usually the fusing angles
and the only shifts appearing in functional relations are rational multiples of π. Here
they are completely arbitrary and vary continuously with the moduli zI .

• Third, usually the power of each factor in the product on the r.h.s is related to the
incidence matrix of a graph which structure is severely constrained by the periodicity
of the Y-system. This incidence matrix is equivalently described by the matrix Nab =∫ +∞
−∞ φab(θ)dθ. In our case it is just not defined because the kernel is not integrable.

In fact, these features can be traced back to the following properties of the original TBA:

• The spectral densities and Y-functions satisfy somewhat unusual reality conditions

ε̄a(θ) = εā(−θ), Ȳa(θ) = Yā(−θ). (IV.51)

As a result, there is no parity symmetry and the Y-functions are not necessarily real
on the real axis of the spectral parameter.

• The kernel φab(θ) (IV.33) is not decaying at infinity.

• The system is supplied by arbitrary imaginary chemical potentials µa.

Altogether, these features make our TBA much more complicated than one usually encoun-
ters in two-dimensional integrable models. In particular, the techniques developed to extract
the free energy and Y-functions in the high-temperature limit, which corresponds either to
a small compactification radius in gauge theory or to the strong coupling limit in string the-
ory, become inapplicable. To generalize these techniques to the present context represents
an interesting mathematical problem.

56



Chapter V

Quantum mirror symmetry and
S-duality

1 Type IIB formulation

So far we considered the HM moduli space in type IIA string theory. Let us now turn to the
type IIB formulation compactified on the mirror CY Ŷ. Although these two formulations
should be equivalent according to mirror symmetry, it is of great importance to have both
of them at our disposal. There are many issues which are difficult to deal with in one
framework, but which become easy in another. Besides, the properties of their D-branes and
their explicit symmetries are also quite different. In particular, type IIB theory provides us
with the powerful S-duality, which was indispensable in getting many of the results presented
in this review. Finally, at the full quantum level, mirror symmetry itself is so far only a
conjecture and needs to be proven.

Let us therefore, before going into details, summarize the main differences between the
two mirror formulations. The first difference is the physical nature of coordinates on the
moduli space. From Table I.3 one observes that in type IIB the complex structure moduli
za are replaced by the complexified Kähler moduli va (I.14)1, whereas the periods of the
RR 3-form potential are replaced by periods of even-dimensional RR forms (the precise
relation between the periods and the fields c0, ca, ca, c0 will be given in (V.16)). Note that
it is convenient to combine one of these potentials, τ1 ≡ c0, with the ten-dimensional string
coupling τ2 ≡ 1/gs into the ten-dimensional axio-dilaton field τ = τ1 + iτ2.

The second difference is the symmetry which characterizes each particular formulation.
Whereas type IIA theory is explicitly invariant under symplectic transformations, the char-
acteristic feature of type IIB is the presence of SL(2,Z) duality. In particular, the physical
fields should form a representation of this duality group. Therefore, if mirror symmetry
holds at quantum level, our constructions done in the type IIA framework must have a
hidden SL(2,Z) symmetry which should become explicit after passing to the type IIB for-
mulation.

Finally, recall that D-branes in type IIB have even-dimensional world-volumes and there-
fore they give rise to instanton effects by wrapping even-dimensional cycles of Calabi-Yau.

1We use the indices a, b to label coordinates on KK because we work on the mirror Calabi-Yau Ŷ for
which h1,1(Ŷ) = h2,1(Y). Thus, this is not in contradiction with our conventions spelled in footnote 1.
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Thus, there is a series of instanton contributions to the moduli space metric coming from
D(-1), D1, D3 and D5-branes as well as from the NS5-brane pertaining to both formula-
tions. Although all D-instanton corrections should follow by mirror symmetry from the
construction of the previous chapter, to write them explicitly in the type IIB framework is
an extremely difficult problem. The main obstacle is that it requires the knowledge of the
mirror map at the non-perturbative level. As we will show, this problem has been solved
only partially. But before entering this subject, we need to understand better some of the
type IIB features mentioned above.

1.1 D-branes and charge quantization

The first problem we are going to discuss is how to characterize D-brane instantons on the
type IIB side. It turns out that the picture where some n-dimensional objects wrap n-
dimensional non-trivial cycles and are classified by integers enumerating these cycles is too
naive. The correct mathematical description associates BPS D-instantons to elements in
the derived category of coherent sheaves D(Ŷ) [52, 53]. In particular, for non-vanishing D5-
brane charge p0, a D5-D3-D1-D(-1)-instanton configuration can be represented as a coherent
sheaf E on Ŷ, of rank rk(E) = p0. The charge vector classifying such configurations is given
by the expansion of the so called generalized Mukai vector in the basis of even-dimensional
cohomology [54]

γ′ ≡ ch(E)

√
Td(Ŷ) = p0 + paωa − q′aω

a + q′0ωŶ, (V.1)

where ch(E) and Td(Ŷ) are the Chern character of E and Todd class of T Ŷ. This leads to
the following expressions for the charges

pa =

∫

γa

c1(E) , q′a = −
(∫

γa

ch2(E) +
p0

24
c2,a

)
,

q′0 =

∫

Ŷ

(
ch3(E) +

1

24
c1(E) c2(Ŷ)

)
,

(V.2)

which explicitly shows that the charges q′Λ are not integer. This becomes problematic re-
garding applications to mirror symmetry. Indeed, the charges in the type IIA formulation
are classified by H3(X,Z) and hence integer. Thus, there seems to be a clash between the
two charge lattices and one needs to understand how they are related to each other.

This problem has been solved in [A11]. The idea is to compare the central charge asso-
ciated to a D-instanton and given in type IIB by

Zγ′ =

∫

Ŷ

e−vaωaγ′, (V.3)

with the central charge (I.38) known from type IIA theory where the prepotential should be
restricted to its large volume limit

F cl(X) = −κabc
XaXbXc

6X0
+

1

2
AΛΣXΛXΣ. (V.4)

We emphasize that it is important to keep the quadratic term despite it does not affect
the Kähler potential on KK . Then, upon identification of the moduli za = va, the two

58



§1 Type IIB formulation

expressions coincide provided

q′Λ = qΛ − AΛΣpΣ. (V.5)

Thus, this is the matrix AΛΣ that makes possible the conversion of rational charges into
integer ones. However, this conversion works only if the matrix satisfies a set of conditions.
Their full list reads as follows [A11]:

i) A00 ∈ Z,

ii) A0a ∈ c2,a

24
+ Z,

iii) Aabp
b − 1

2
κabcp

bpc ∈ Z for ∀pa ∈ Z,

iv)
1

6
κabcp

apbpc +
1

12
c2,ap

a ∈ Z for ∀pa ∈ Z.

(V.6)

Although the last two conditions look completely non-trivial, remarkably they are indeed
fulfilled in few examples where AΛΣ has actually been computed. For example, on the quintic
Calabi-Yau one has

κ111 = 5, A11 = −11

2
, c2,1 = 50 (V.7)

and it is amusing to check that (V.6) does hold. In general, these conditions can be considered
as a consequence of mirror symmetry. They ensure that the charge vector γ = (pΛ, qΛ) is
valued in Heven(X ,Z) and can be meaningfully identified with the homology class of a special
Lagrangian submanifold on the mirror type IIA side. In contrast, the primed charges (V.2)
belong to a shifted lattice

q′a ∈ Z−
p0

24
c2,a − 1

2
κabcp

bpc, q′0 ∈ Z−
1

24
pac2,a. (V.8)

1.2 S-duality and mirror symmetry

We had to start with the subtle issue of quantization of D-brane charges, even before consid-
ering the type IIB formulation at the perturbative level, because it turns out that the shift
by the matrix AΛΣ (V.5) revealed above has important implications on the mirror map and
S-duality transformations.

To see how this comes about, let us first establish how mirror symmetry relates the
periods of RR potentials on type IIA and type IIB sides. All these periods appear linearly
in the imaginary part of the D-instanton action whose real part is determined by the central
charge. Thus, it is natural to find the relation by equating D-instanton actions in type IIA
and in type IIB theories. In the former case the action is given in (I.37) and in the latter
case it is known to be [55, 42]

SD-IIB = 2πg−1
s |Zγ′|+ 2πi

∫

Ŷ

γ′ ∧ Âevene
−B̂2 . (V.9)

Decomposing the RR potential Âeven as

Âevene
−B̂2 = ζ0 − ζaωa − ζ̃ ′aω

a − ζ̃ ′0ωŶ (V.10)
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and using the identification (V.5) between the charges, one finds the same axionic couplings
as in (I.37) provided the primed periods are shifted in a way similar to the charges

ζ̃ ′Λ = ζ̃Λ − AΛΣζΛ. (V.11)

This result indicates that all symplectic vectors experience such a shift under mirror
symmetry. This shift corresponds to a symplectic transformation whose meaning is to remove
the quadratic term from the prepotential (I.28) (or (V.4))

F ′(X) = F (X)− 1

2
AΛΣXΛXΣ. (V.12)

Thus, in terms of primed variables, in the small coupling, large volume limit the metric on
the HM moduli space is obtained from (I.36) by plugging in the cubic prepotential (I.15).

However, this is not yet what we want. We need a formulation which is explicitly SL(2,R)
invariant. It can be achieved by a further change of variables which provides the classical
mirror map [56]

za = ba + ita, ζ0 = τ1, ζa = −(ca − τ1b
a),

ζ̃ ′a = ca +
1

2
κabc bb(cc − τ1b

c), ζ̃ ′0 = c0 − 1

6
κabc babb(cc − τ1b

c),

σ = −2(ψ +
1

2
τ1c0) + ca(c

a − τ1b
a)− 1

6
κabc bacb(cc − τ1b

c).

(V.13)

The advantage of the variables appearing on the r.h.s. of (V.13) is that they are adapted to
the action of SL(2,R) symmetry. Under a transformation

g =

(
a b
c d

)
(V.14)

with ad− bc = 1, they transform as

τ 7→ aτ + b

cτ + d
, ta 7→ ta|cτ + d|, ca 7→ ca − c2,aε(g),

(
ca

ba

)
7→

(
a b
c d

)(
ca

ba

)
,

(
c0

ψ

)
7→

(
d −c
−b a

) (
c0

ψ

)
.

(V.15)

It is straightforward to verify that the classical HM metric obtained by the change of variables
(V.13) is indeed invariant under the action (V.15).

Some comments are in order:

• The continuous SL(2,R) symmetry holds only classically. Already α′-corrections to the
holomorphic prepotential given by the last two terms in (I.28) break it. However, the
discrete subgroup SL(2,Z) can be restored by including D(-1) and D1-instanton cor-
rections [31] and the full non-perturbative metric on MHM is also expected to preserve
this symmetry.

• Combining the classical mirror map (V.13) with the expansion (V.10), one finds the
following definitions of the RR scalars in terms of period integrals [7, A5]

c0 = Â0, ca =

∫

γa

Â2, ca = −
∫

γa

(Â4 − 1

2
B̂2 ∧ Â2),

c0 = −
∫

Ŷ

(Â6 − B̂2 ∧ Â4 +
1

3
B̂2 ∧ B̂2 ∧ Â2).

(V.16)
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§1 Type IIB formulation

However, these expressions are meaningful only at the classical level. In general, we
define the type IIB physical fields as those which transform under SL(2,Z) according
to the law (V.15). Of course, this makes possible that the mirror map (V.13) receives
quantum corrections and one of our aims is to show how they can be obtained.

• The S-duality transformation (V.15) differs from the standard one [40, 56] by the
presence of a constant shift in the transformation law of the D3-axion ca. The shift
is taken to be proportional to the multiplier system ε(g) of the Dedekind eta function
η(τ) which is a fractional number defined, up to the addition of integers, by the ratio

η

(
aτ + b

cτ + d

)
/η(τ) = e2πiε(g)(cτ + d)1/2. (V.17)

The necessity to introduce this shift can be understood from two reasons which are
both related to the effects induced by the matrix AΛΣ [A11]. First, S-duality and
the Heisenberg symmetry (I.31) are not completely uncorrelated. The transformation

generated by gb =
(

1 b
0 1

)
should actually be the same as the Heisenberg shift with

parameter η0 = b. But without transforming ca, the mismatch (V.11) between primed
(used in S-duality) and unprimed (used in Heisenberg symmetry) variables makes these
two transformations different. Although this coincidence might seem to be not crucial,
the second issue shows that it is really needed. The problem is that, in the absence
of the shift of ca, the axionic couplings coming with D-instanton contributions are not
invariant under the same transformation gb due to the fractional nature of the primed
charges q′Λ. If this was the case, this would spoil the SL(2,Z) symmetry. Fortunately,
the correction of the S-duality transformation of ca cures both these problems.

1.3 Monodromy invariance and spectral flow symmetry

There is another important symmetry which must be taken into account in the non-perturbative
analysis of the HM moduli space. This is monodromy invariance originating from the pos-
sibility to go around singularities in the moduli space of complexified Kähler deformations
KK(Ŷ). Since the metric on MHM must be regular, such monodromies should leave it invari-
ant. Here we are particularly interested in the monodromy around the large volume point
which is induced by a large gauge transformation of the B-field acting as

ba 7→ ba + εa , εa ∈ Z. (V.18)

Moreover, due to the presence of the B-field in the definition of the RR scalars (V.10), the
monodromy is accompanied by the symplectic rotation

ζa 7→ ζa + εaζ0, ζ̃ ′a 7→ ζ̃ ′a − κabcζ
bεc − 1

2
κabcε

bεcζ0,

ζ̃ ′0 7→ ζ̃ ′0 − ζ̃ ′aε
a +

1

2
κabcζ

aεbεc +
1

6
κabcε

aεbεcζ0.
(V.19)

Note that being rewritten in terms of the unprimed RR-fields, i.e. composed with the
symplectic transformation (V.11), the symplectic matrix becomes integer valued. Indeed, an
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Chapter V: Quantum mirror symmetry and S-duality

easy calculation yields [A11]

(
ζΛ

ζ̃Λ

)
7→ ρ(M) ·

(
ζΛ

ζ̃Λ

)
, ρ(M) =




1 0 0 0
εa δa

b 0 0

−La(ε) −κabcε
c δa

b 0
L0(ε) Lb(ε) + 2Abcε

c −εb 1


 , (V.20)

where we introduced two functions

L0(ε
a) =

1

6
κabcε

aεbεc +
1

12
c2,a εa, La(ε

a) =
1

2
κabcε

bεc − Aabε
b. (V.21)

Due to the conditions (V.6), both these functions are integer valued for εa ∈ Z which ensures
our statement.

A nice fact is that the D-instanton action (V.9) stays invariant under the above mon-
odromy transformation if it is supplemented by a similar transformation of charges

γ 7→ γ[ε] = ρ(M) · γ. (V.22)

Since the symplectic matrix is integer valued, the transformation preserves the charge lattice
and is therefore admissible. In the following we call it spectral flow.

Due to the invariance of the D-instanton action, the combined action of the monodromy
and the spectral flow preserves also the BPS indices Ω(γ; v), where we indicated explicitly
their piecewise constant dependence on the Kähler moduli. This dependence is important
since the spectral flow alone in general does not leave the indices invariant [57]: the trans-
formation can change the position of walls of marginal stability and a given point in the
moduli space may turn out to fall in a different chamber.

Given this “spectral flow symmetry”, it is convenient also to introduce combinations of
charges which are invariant under the spectral flow. Such combinations are easily computed
and are given by [A11, A13]

p0 6= 0 : q̂a = q′a +
1

2
κabc

pbpc

p0
, q̂0 = q′0 +

paq′a
p0

+
1

3
κabc

papbpc

(p0)2
,

p0 = 0

pa 6= 0
: q̂0 = q′0 −

1

2
κabq′aq

′
b,

(V.23)

where we distinguished two cases and introduced the matrix κab ≡ κabcp
c together with its

inverse κab. If not the dependence on the moduli, one could say that the BPS indices are
functions of these charges only. Finally, it is important to note that for p0 = 0 the invariant
charge is bounded from above,

q̂0 ≤ q̂max
0 =

1

24

(
κabcp

apbpc + c2,ap
a
)
. (V.24)
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§2 S-duality in twistor space

2 S-duality in twistor space

The characteristic feature of the type IIB formulation is the S-duality symmetry. In our terms
it is generated by the transformation (V.15) of the type IIB physical fields parametrizing the
HM moduli space. However, as we saw in the previous chapters, quantum corrections to the
HM metric are naturally formulated at the twistor space level. Therefore, it is natural to
ask how S-duality acts on the twistor space and which constraints it imposes on the twistor
construction. In this section we answer these questions and moreover provide a reformulation
of the D-instanton corrected twistor space of chapter IV which explicitly respects S-duality.

2.1 Classical S-duality

We start from the classical twistor space which is described by the Darboux coordinates
(III.2) with the classical prepotential (V.4). As usual, it is convenient to define the primed
variables

ξ̃′Λ = ξ̃Λ − AΛΣξΛ, α′ = α− 1

2
AΛΣξΛξΣ. (V.25)

In the patch U0 they are given by the same expressions but with ζ̃Λ replaced by ζ̃ ′Λ and with

the prepotential given by F ′cl = −1
6

κabcXaXbXc

X0 .
As was mentioned in section II.2.4, all isometries of a QK manifold can be lifted to a

holomorphic action on its twistor space. In particular, this implies that S-duality, represented
in the classical approximation by the SL(2,R) symmetry group, should have a holomorphic
representation on the Darboux coordinates ξΛ, ξ̃Λ and α. This indeed turns out to be the
case provided the fiber coordinate t transforms as

t 7→ 1 + tc,d
− t

tc,d
− − t

= − tc,d
+ − t

1 + tc,d
+ t

, (V.26)

where tc,d
± denote the two roots of cξ0(t) + d = 0

tc,d
± =

cτ1 + d∓ |cτ + d|
cτ2

, tc,d
+ tc,d

− = −1. (V.27)

Then the transformations (V.15), the mirror map (V.13) and the explicit expressions for the
Darboux coordinates in the classical limit in terms of the type IIA fields lead to the following
non-linear holomorphic action in the patch U0 [A5]

ξ0 7→ aξ0 + b

cξ0 + d
, ξa 7→ ξa

cξ0 + d
, ξ̃′a 7→ ξ̃′a +

c

2(cξ0 + d)
κabcξ

bξc − c2,aε(g),

(
ξ̃′0
α′

)
7→

(
d −c
−b a

)(
ξ̃′0
α′

)
+

1

6
κabcξ

aξbξc

(
c2/(cξ0 + d)

−[c2(aξ0 + b) + 2c]/(cξ0 + d)2

)
.

(V.28)

Moreover, one finds that

eφ 7→ eφ

|cτ + d| , KZ 7→ KZ − log(|cξ0 + d|), X [i] 7→ X [i]

cξ0 + d
(V.29)

so that the Kähler potential varies by a Kähler transformation and the complex contact
structure stays invariant. This ensures that S-duality is indeed a symmetry of the classical
twistor space.
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Chapter V: Quantum mirror symmetry and S-duality

2.2 Inclusion of instantons: general construction

The action of S-duality in the classical approximation (V.28) has been obtained using ex-
plicit expressions for the Darboux coordinates. The only non-trivial step was to find the
correct transformation of the fiber coordinate (V.26). However, once we include instanton
corrections, we do not have such expressions at our disposal anymore. Instead, the Darboux
coordinates are determined by complicated integral equations and in the best case can be
expressed through integrals of type (IV.15). Therefore, the first natural step would be to
understand how such integrals, or more generally the integrals of type

∑
j

∮

Cj

dt′

t′
t′ + t

t′ − t
H(ξ, ξ̃), (V.30)

transform under S-duality.
To discuss this issue, we restrict ourselves to the instanton corrections with the vanishing

five-brane charge p0 = 0. As is clear from (IV.16), this ensures that the Darboux coordinate
ξ0 remains uncorrected and is given globally by the same classical expression (III.2). This
implies in turn that the transformation of t should also be unchanged and one can use the
formula (V.26).

But now we arrive at a problem: the measure and the kernel in the integral (V.30)
transform in a complicated way which does not allow for a simple geometric interpretation.
Fortunately, this problem can be cured by a modification of the integration kernel which
amounts just to a coordinate redefinition on the moduli space [A14]. Let us define

K(t, t′) =
1

2

(
t′ + t

t′ − t
+

1/t′ − t′

1/t′ + t′

)
=

(1 + tt′)
(t′ − t)(1/t′ + t′)

. (V.31)

Then it is easy to check that K(t, t′) dt′
t′ is invariant under S-duality!2 Since K(t, t′) differs

from the original kernel by a t-independent term, this additional contribution can be ab-
sorbed into a redefinition of the constant terms in the t-expansion of Darboux coordinates.
Thus, to write them in terms of the new kernel, it is sufficient to redefine ζΛ, ζ̃Λ and σ. After
this redefinition, we are ready to give our main result.

2To understand the origin of the new kernel, it might be helpful to change the fiber coordinate to [A13]

z =
t + i
t− i

.

In its terms one has

t = −i
1 + z

1− z
, ξ0 = τ1 + iτ2

1/z + z

1/z − z
.

The new coordinate has the advantage of having a simpler transformation under S-duality

z 7→ cτ̄ + d

|cτ + d| z.

Moreover, it provides a very simple representation for the new kernel

K(t, t′)
dt′

t′
=

1
2

z′ + z

z′ − z

dz′

z′
,

which makes its invariance transparent.
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§2 S-duality in twistor space

The following theorem not only shows how S-duality is realized to all orders in the
instanton expansion in the absence of five-brane instantons, but also gives conditions on the
transition functions ensuring the SL(2,Z) symmetry.3

Theorem [A14]: Let the twistor space Z is defined by the covering

Z = U0 ∪ U+ ∪ U− ∪
(∪′m,nUm,n

)
, (V.32)

where the patches U± cover the north and south poles of CP 1, Um,n are mapped to each other
under the antipodal map and SL(2,Z)-transformations

τ [Um,n] = Uτ(m),τ(n), (V.33)

Um,n 7→ Um′,n′ ,

(
m′

n′

)
=

(
a c
b d

) (m

n

)
, (V.34)

and U0 covers the rest. The associated transition functions are taken to be

H [+0] = F cl(ξΛ
[+]), H [−0] = F̄ cl(ξΛ

[−]), H [(m,n)0] = Gm,n(ξΛ
[m,n], ξ̃

[0]
a ), (V.35)

where the holomorphic functions Gm,n are required to transform under SL(2,Z) as

Gm,n 7→ Gm′,n′

cξ0 + d
− c

2

κabc∂ξ̃
[0]
a

Gm′,n′∂ξ̃
[0]
b

Gm′,n′

(cξ0 + d)2

(
ξc
[m′,n′] −

2

3
∂

ξ̃
[0]
c

Gm′,n′

)
+ reg. (V.36)

where +reg. denotes equality up to terms regular in the patch Um′,n′.
Then the following statements hold:

1. The Darboux coordinates in the patch U0, as functions of the fiber coordinate t, are
given by the following expressions:

ξ0 = ζ0 +
τ2

2

(
t−1 − t

)
,

ξa
[0] = ζa

cl + t−1Y a − tȲ a +
∑
m,n

′
∮

Cm,n

dt′

2πit′
K(t, t′)∂

ξ̃
[0]
a

Gm,n,

ξ̃
[0]
Λ = ζ̃cl

Λ + t−1F cl
Λ (Y )− tF̄ cl

Λ (Ȳ )−
∑
m,n

′
∮

Cm,n

dt′

2πit′
K(t, t′)∂ξΛ

[m,n]
Gm,n, (V.37)

α[0] = −1

2
(σ̃ + ζΛζ̃Λ)cl − (

t−1 + t
) (

t−1F cl(Y ) + tF̄ cl(Ȳ )
)− ζΛ

cl

(
t−1F cl

Λ (Y )− tF̄ cl
Λ (Ȳ )

)

−
∑
m,n

′
∮

Cm,n

dt′

2πit′

[
K(t, t′)

(
1− ξΛ

[m,n](t
′)∂ξΛ

[m,n]

)
Gm,n

+
(tt′)−1F cl

a (Y ) + tt′F̄ cl
a (Ȳ )

1/t′ + t′
∂

ξ̃
[0]
a

Gm,n

]
,

where Cm,n are contours on CP 1 surrounding Um,n in the counter-clockwise direction
and τ2, ζ

0, ζa
cl, ζ̃

cl
Λ , σ̃cl, Y a are some coordinates on the QK base.

3To avoid cluttering of notations, we omit primes on the RR fields, Darboux coordinates and holomorphic
prepotential. Thus we ignore the effects due to the matrix AΛΣ. But they can be easily restored by
performing the corresponding symplectic transformation. The primes on sums over m,n will denote that
the value m = n = 0 is omitted.
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Chapter V: Quantum mirror symmetry and S-duality

2. Provided these coordinates are identified with the following combinations of the physical
type IIB fields

ζ0 = τ1, ζa
cl = −(ca − τ1b

a),

ζ̃cl
a = ca +

1

2
κabc bb(cc − τ1b

c), ζ̃cl
0 = c0 − 1

6
κabc babb(cc − τ1b

c),

σ̃cl = −2(ψ +
1

2
τ1c0) + ca(c

a − τ1b
a)− 1

6
κabc bacb(cc − τ1b

c) +
τ 2
2

3
κabcb

abbbc,

Y 0 =
τ2

2
, Y a =

τ2

2
(ba + ita) +

∑
m,n

′
∮

Cm,n

dt

2πit2

∂
ξ̃
[0]
a

Gm,n

(1/t + t)2 ,

(V.38)

the Darboux coordinates (V.37) transform under SL(2,Z) transformations (V.15) and
(V.26) according to the classical laws (V.28).

3. The same transformation rules hold also in the patches Um,n, with the understanding
that the Darboux coordinates appearing on the r.h.s. are those attached to the patch
Um′,n′, e.g. ξa

[m,n] 7→ ξa
[m′,n′]/(cξ

0 + d).

4. The contact potential is given by

eΦ =
2

3τ2

κabc Im Y a Im Y b Im Y c (V.39)

− 1

16π

∑
m,n

′
∮

Cm,n

dt

t

[(
t−1Y Λ − tȲ Λ

)
∂ξΛ

[m,n]
Gm,n +

(
t−1F cl

a (Y )− tF̄ cl
a (Ȳ )

)
∂

ξ̃
[0]
a

Gm,n

]

and transforms under SL(2,Z) as in (V.29)

As a result, the quaternion-Kähler manifold associated to the above twistorial data carries
an isometric action of SL(2,Z).

Some comments are in order:

• The patches Um,n,U± are not necessarily all different. Typically, Um,n are associated
to zeros of mξ0 + n denoted above by tm,n

± . Then one might have Ukm,kn = Um,n for
k ∈ N and U± coinciding with U0,n for n > 0 and n < 0, respectively. If this is the
case, the functions Gm,n should be defined for m,n coprime only.

• Another possibility is to include open contours similar to the BPS rays appearing in
the type IIA description. In fact, all previous statements hold for an arbitrary set of
contours Cm,n mapped unto each other by SL(2,Z). For example, Cm,n can be an open
contour from tm,n

+ to tm,n
− . In this case however the structure of patches might be more

complicated. The only requirement on the covering is that it is invariant under the
antipodal map and SL(2,Z) transformations so that a patch Ui is mapped to some
patch Uic,d

. The Darboux coordinates in each patch are given by the formulas (V.37)
and transform under S-duality by (V.28) where the coordinates on the r.h.s. are from
the patch Uic,d

.

• If the transition function Gm,n is associated with such an open contour, the regular
terms in its SL(2,Z) transformation are not allowed anymore. In other words, the
transformation (V.36) should be exact, because in this case the transition function
already represents a discontinuity through a logarithmic branch cut.
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§2 S-duality in twistor space

• If not the quadratic and cubic terms in Gm,n, the transformation law (V.36) would
simply mean that the transition functions are similar to modular functions of weight
(−1, 0). More precisely, such a modular function would arise as a formal sum of Gm,n

over all patches. However, the non-linear terms spoil the simple modular transforma-
tion. They appear due to the fact that the arguments of transition functions are taken
in different patches and are completely similar to the quadratic terms in (IV.10). But,
in contrast to the situation in type IIA theory, it is not known whether there is a
simplified description which allows to get rid of them.

• Note that the coordinate change (V.38) is almost identical to the classical mirror map
(V.13). There are only two differences. First, Y a (usually related to za) acquires an
additional instanton contribution. Second, the coordinate σ̃cl differs from σ in (V.13)
by the presence of the last term. Although it is a classical contribution, it was absorbed
into σ̃cl to simplify the expression for α in terms of Y a.

• This theorem assumes that the functions Gm,n are independent on ξ̃0 and α, which
is equivalent to the ignorance of five-brane instanton corrections. At the moment, it
is known how to generalize the above results to include such dependence only in the
one-instanton approximation [A14]. As one could suspect, in this approximation the
S-duality invariance is again ensured by the requirement that the transition functions
transform with the modular weight (−1, 0), i.e. their transformation should be given
by the first term in (V.36).

• Finally, note that all anomalous dimensions are taken to vanish. On the other hand,
on the type IIA side the anomalous dimension cα is non-zero and encodes the one-loop
gs-correction to the HM metric (see section III.2.1). This implies that in the type IIB
twistor space the one-loop correction appears from a completely different origin.

These results provide a general framework for the twistorial construction of the HM
moduli space in the type IIB formulation. All D(-1), D1 and D3-instanton corrections should
fit the conditions of the above theorem. In particular, the transition functions generating
these corrections should transform according to (V.36). But this theorem does not answer
to the main question: what are these transition functions? The theorem does not specify
them, but only imposes conditions on their transformation properties. On the other hand, if
mirror symmetry does hold at quantum level, the resulting moduli space should agree with
the one constructed in the type IIA formulation. Thus, there should exist a resummation
procedure which, starting from the description of chapter IV, allows to find the transition
functions relevant in type IIB theory and they should automatically satisfy the required S-
duality constraint (V.36). This might be considered as a very non-trivial test of consistency
of the type IIA construction. Below we report on the results in this direction.

This reasoning does not apply to D5-brane instantons. They are not invariant under
S-duality and therefore should be treated separately. In fact, S-duality mixes them with
NS5-branes. This fact will be used in chapter VI to generate the latter corrections and thus
to get an access to the complete non-perturbative description of MHM.
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2.3 D(-1)-D1-instantons

Let us first consider D(-1)-D1-instanton corrections, i.e. those which have vanishing magnetic
charge pΛ. In this case one has great simplifications. First of all, as indicated in section
IV.1.3, in the sector with vanishing pΛ the linear instanton approximation for Darboux
coordinates becomes exact so that they are not given by complicated integral equations,
but known explicitly. Moreover, since the transition functions should be ξ̃Λ-independent,
all non-linear terms in the transformation law for Gm,n (V.36) vanish and the transition
functions in the type IIB formulation are expected to originate from a simple modular form.

How the type IIB description of this sector, fitting the theorem of the previous subsection,
arises from the type IIA construction of D-instantons has been shown in [A7].4 The idea is
that one should perform a Poisson resummation of the Darboux coordinates with respect
to D-brane charge q0. Then the couple of integers (m,n) from the theorem originates as
follows: n appears in the process of Poisson resummation as the integer conjugate to q0 and
m comes from the expansion of the dilogarithm in the type IIA transition functions, i.e. it
counts multi-covering effects.

The resulting twistor space can be described by the covering (V.32) where Um,n surround
tm,n
+ (see Fig. V.1) and by the transition functions (V.35) with

GD1
m,n(ξ) = − i

(2π)3

∑

qaγa∈H+
2 (Ŷ)∪{0}

n(0)
qa

e−2πimqaξa

m2(mξ0 + n)
, m 6= 0,

GD1
0,n(ξ) = − i(ξ0)2

(2π)3

∑

qaγa∈H+
2 (Ŷ)∪{0}

n(0)
qa

e2πinqaξa/ξ0

n3
.

(V.40)

It is easy to check that they do satisfy the transformation property

Gm,n 7→ Gm′,n′

cξ0 + d
+ reg. (V.41)

and the possibility to drop the regular terms is important. Note also that
∑

n>0 GD1
0,n pro-

vides the sum of the one-loop and worldsheet instanton α′-corrections to the prepotential
(I.28). Since U0,n = U+, they are combined with its classical piece given by H [+0] to the full
holomorphic prepotential.

Although this twistor space looks completely different from the one we started with on
the type IIA side, it turns out that they are related by a certain gauge transformation.
This means that in different patches one should perform certain contact transformations
generated by regular functions. However, these generating functions can have singularities
outside their patch of definition. As a result, the transformed Darboux coordinates may
have different singularities than the initial ones and the covering should be adapted to the
new analytic structure as well. In this way a careful analysis allows to relate the melon-like
type IIA picture to the type IIB formulation given here.

4In fact, D(-1) and D1-instanton contributions have been obtained before the invention of the type IIA
construction based on the BPS rays and played an important role on the way to it [31]. However, these
contributions were found only in the form of corrections to the hyperkähler potential (II.30) on the associated
HKC. Neither the complete twistor formulation, nor its relation to the type IIA twistor space were known.
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Fig. V.1: The covering and transition functions incorporating D(-1)-D1-instantons.

Finally, note that the formula (V.39) for the contact potential can be easily evaluated
and gives the following result

eφ =
τ 2
2

2
V(ta) +

√
τ2

8(2π)3

∑

qaγa∈H+
2 (Ŷ)∪{0}

n(0)
qa

∑
m,n

′ τ
3/2
2

|mτ + n|3 (1 + 2π|mτ + n|qat
a) e−Sm,n,qa , (V.42)

which was first obtained in [31] by starting from the one-loop expression and by enforcing
the SL(2,Z) symmetry. Here

Sm,n,qa = 2πqa|mτ + n| ta − 2πiqa(mca + nba) (V.43)

is the classical action of a D1-D(-1)-instanton or, more precisely, an Euclidean (m, n)-string
wrapped around the effective curve qaγ

a.

2.4 D3-instantons

This sector is already not so well understood and at the moment only some preliminary
results are accessible in the linear instanton approximation. To present these results, we
restrict ourselves to the sector with fixed D3-brane charge pa because it should be preserved
by S-duality. Besides, we replace the integer-valued BPS indices Ω(γ; v) by rational invariants
constructed as

Ω(γ; v) =
∑

d|γ

1

d2
Ω(γ/d; v). (V.44)

They encode multi-covering effects and allow to replace the dilogarithm in the transition
functions (IV.2) by simple exponential. Thus, our starting point is

Hγ =
Ω(γ; v)

(2π)2
σD(γ)E

(
paξ̃′a − q′aξ

a − q′0ξ
0
)

, (V.45)

with the charge vector restricted to γ = (0, pa, qa, q0).

69



Chapter V: Quantum mirror symmetry and S-duality

Fig. V.2: The set of open contours and transition functions incorporating D3-instantons.

The advantage of the rational invariants is the possibility to use a combination of the
spectral flow symmetry (V.22) and modular invariance. In our approximation one can neglect
the dependence of Ω(γ; v) on the Kähler moduli and then their invariance with respect to
the spectral flow symmetry allows to write that

Ω(0, pa, q′a, q
′
0) ≡ Ωpa,µa(q̂0), (V.46)

where q̂0 is the invariant charge (V.23) and µa is the residue class of q′aγ
a modulo the

sublattice Λ = {γaκabε
b, εaγa ∈ H4(Y,Z)}. These quantities can be used to construct the

following function

hpa,µa(τ) =
∑

q̂0≤q̂max
0

Ωpa,µa(q̂0)E(−q̂0τ) , (V.47)

which is known to be a vector-valued modular form of weight (− b2
2
− 1, 0) with multiplier

system given by E(c2,ap
aε(g)) [58, 59, 57] where ε(g) is the same multiplier system of the

Dedekind eta function which appears in (V.15). The crucial property of the function hpa,µa(τ)
is that it is completely determined by its polar part consisting of the terms in the sum which
are singular in the limit τ2 →∞. As a result, all Ωpa,µa(q̂0) for negative q̂0 can be expressed
in terms of just a finite number of rational BPS indices given by Ωpa,µa(q̂0) for 0 ≤ q̂0 ≤ q̂max

0 .
We refer to [60, 59] for the explicit expression.

After using this result for the rational invariants, one can show that the resummation
over (negative) q̂0 leads to the following ansatz for the transition functions [A13]

GD3
m,n,pa,qa

=
1

2π2
(mξ0 + n)E

(
−1

2
Aabp

apb

) ∑

0≤q̂0≤q̂max
0

Ωpa,µa(q̂0) (−1)q′apa

(V.48)

×E

(
pagm,n[ξ̃′a]−

(
q̂0 +

1

2
κabq′aq

′
b

)
gm,n[ξ0]− q′agm,n[ξa]

)
R−1− b2

2

(
2πiq̂0

m(mξ0 + n)

)
,

where

Rw(x) = 1− 1

Γ(1− w)

∫ ∞

x

e−zz−wdz (V.49)
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and gm,n is the SL(2,Z) group element (V.14) with c = m, d = n acting on the Darboux
coordinates by the transformation law (V.28). Up to the last factor, which was studied in
detail in [59], it is immediate to see that under S-duality these functions do transform as
required by the theorem of section 2.2, i.e. according to (V.41) and without the necessity
to drop any regular contributions. Thus, one gets the first sign that the D3-instanton sector
admits a consistent implementation of S-duality.

Moreover, note that the functions (V.48) have essential singularities at t = tm,n
± . This

indicates that they should be associated with contours Cm,n,pa,qa joining these two points on
CP 1 (see Fig. V.2). As a result, the complete set of contours is given by an infinite number
of copies of the melon-like picture, which we had in type IIA, rotated into each other by
SL(2,Z) transformations so that it is consistent with the action of S-duality. However, the
details of this construction, as well as its extension to all orders in the instanton expansion
remain still unclear.
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Chapter V: Quantum mirror symmetry and S-duality

3 Non-perturbative mirror map

Once we understand how S-duality is realized at the level of the twistor space, we can address
another important issue: the non-perturbative mirror map. The problem is that, to apply
mirror symmetry, one needs a relation between the type IIA and type IIB physical fields,
which maps the hypermultiplet metrics in the two mirror formulations into each other. In the
classical approximation such relation is furnished by the classical mirror map (V.13). But
it is expected to receive all possible quantum corrections, both in α′ and gs. The relation
including these corrections will be called non-perturbative mirror map and can be viewed as
a realization of quantum mirror symmetry.

In general, to find quantum corrections to the mirror map is an extremely complicated
problem because the only condition which fixes the mirror map is that after its application
the metric must be invariant under the action of SL(2,Z) (V.15). However, this condition
becomes more explicit once we lift it to the twistor space because here SL(2,Z) should act
not only isometrically, but also holomorphically. As a result, this condition gives rise to a
self-determining system where the consistency between mirror symmetry and S-duality is
enough to find both of them. The consistency condition can be formulated as the following
equation

Ξ (m[g · qIIB], g · t) = g · Ξ, (V.50)

where Ξ denotes all Darboux coordinates, qIIB are the type IIB physical fields, g· is the action
of an SL(2,Z) transformation and m is the non-perturbative mirror map. This condition
means that the SL(2,Z) action on Darboux coordinates can be evaluated in two ways. The
first one, which is shown on the l.h.s., uses the explicit expression of the Darboux coordinates
following from our twistor construction in the type IIA formulation. Of course, it gives them
as functions of the type IIA fields. Therefore, to evaluate the action of g, one needs to
use the (to be found) mirror map which expresses them in terms of the type IIB fields
whose transformations are known by definition. The second way, shown on the r.h.s., is a
holomorphic action of SL(2,Z) directly on the Darboux coordinates. In the classical limit
it is given by (V.28) and in principle one could expect that it gets modified by quantum
corrections. However, all our results indicate that it actually stays the same at the full
non-perturbative level [A7]. Thus, the equality (V.50) of the two SL(2,Z) actions provides
a very non-trivial condition on the mirror map m.

In fact, the theorem from section 2.2 essentially gives a solution to the equation (V.50).
Indeed, the relations (V.38) substituted into the Darboux coordinates (V.37) show how the
latter depend on the type IIB fields so that S-duality is correctly realized. In particular,
they ensure the holomorphic transformations (V.28). Thus, the only thing which remains to
be found is a relation between ζa

cl, ζ̃
cl
Λ , σ̃cl, Y a and the type IIA fields. This relation in turn

follows from the change of the kernel as described on page 64. For example, restricting to
the D1-D(-1)-instanton sector and in the presence of all α′-corrections, one finds [A14]

ζa
cl = ζa, Y a =

τ2

2
za,

ζ̃cl
Λ = ζ̃ ′Λ −

1

2

∑

γ=(0,qΛ)

∫

`γ

dt

2πit

1/t− t

1/t + t
∂ξΛHγ, (V.51)

σ̃cl = σ − τ 2
2

3
(zΛ + z̄Λ)(F ′

Λ + F̄ ′
Λ) +

∑

γ=(0,qΛ)

∫

`γ

dt

2πit

1/t− t

1/t + t

(
1− (

ξΛ − 1
2
ζΛ

)
∂ξΛ

)
Hγ.
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Resumming over q0, one can express the same relation in terms of the transition functions
of the type IIB formulation (V.40). The instanton terms will be given by contour integrals
with the contours surrounding the points tm,n

+ . Such integrals can be easily evaluated and
therefore in this case it is possible to write the mirror map in a very explicit form. We refer
to [A7] for the explicit expressions.

This result completely solves the problem of quantum mirror symmetry in the approx-
imation where five-brane and D3-instantons are neglected. The latter corrections are still
described by the theorem, so the relations (V.38) solve the most difficult part of the problem.
However, it still remains to relate ζa

cl, ζ̃
cl
Λ , σ̃cl to the type IIA axionic fields. This should be

done by a resummation of the Darboux coordinates which should bring them from (IV.16)
to the type IIB form (V.37). Unfortunately, as was mentioned in section 2.4, this has not
been done yet in a satisfactory way.

For five-branes the situation is even more complicated because the corresponding correc-
tions are expected to affect even the SL(2,Z) transformation of the fiber coordinate t (V.26).
Moreover, S-duality requires to include into consideration NS5-brane instantons, which re-
main unknown on the type IIA side. Thus, even before addressing the issue of quantum
mirror symmetry in the presence of five-branes, we need to understand how to generate the
NS5-brane instanton contributions. This will be the subject of the next chapter.
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NS5-brane instantons

The instanton corrections coming from NS5-branes are the last missing piece of the con-
struction of the complete non-perturbative geometry of the hypermultiplet moduli space (at
least in type IIA picture). In this chapter we present a progress in understanding the gen-
eral structure of these contributions and an attempt to incorporate them into the twistor
description of MHM.

There are several reasons why the NS5-brane contributions are difficult to find. Let us
point out some of them:

• First of all, the NS5-brane is a complicated dynamical object whose dynamics is not well
understood. In particular, its world-volume theory, especially in the case of multiple
fivebranes, is not known to the full extent.

• In the type IIA formulation, it is expected that the world-volume theory involves a self-
dual 3-form flux H which is an electric source for the RR 3-form potential Â3 [61, 62].
The self-duality constraint implies that fluxes on three-cycles γ, γ′, corresponding to
D2-NS5 bound states, cannot be measured (nor defined) simultaneously if the inter-
section product 〈γ, γ′〉 is non-vanishing. A mathematical consequence of this fact is
that the NS5-brane partition function cannot be a simple function, but only a section
of a certain bundle.

• Another complication is that, upon inclusion of NS5-brane contributions, all continuous
isometries of the moduli space MHM become broken. In particular, this implies that
one does not have the QK/HK correspondence at our disposal anymore and one has
to apply the full machinery of the contact geometry.

• Finally, since the NS5-instantons introduce dependence on the NS-axion σ, it becomes
now important to take into account the full Heisenberg symmetry group (I.31), includ-
ing its non-commutative nature. Due to this, one can expect the same complications as
passing from a classical theory to its quantum version where the role of the quantization
parameter is played by the NS5-brane charge.

Besides these issues, there are many other subtleties all of which require a special care.
In particular, there is a subtle interplay between the description of instanton contributions
and the topology of the moduli space. Therefore, before attacking the problem of NS5-brane
instantons, we analyze the topological structure of MHM and its implications.

74



§1 Topological issues

1 Topological issues

The global structure of MHM can be specified by providing a group of discrete identifications
of the coordinates parametrizing the moduli space which act isometrically on it. Besides
symplectic invariance and S-duality, one has two additional discrete symmetries provided by
Heisenberg and monodromy transformations (see section I.2.1). What we need is to better
understand their action and what it implies for NS5-brane contributions.

Let us concentrate for simplicity on the type IIA formulation. In type IIB the picture
is completely similar and can be obtained using mirror symmetry. At fixed, vanishingly
small string coupling gs and ignoring the NS-axion (i.e., modding out by translations along
σ, which are symmetries of the perturbative theory), the “reduced” HM moduli space is
known to be topologically the so called intermediate Jacobian Jc(Y). This is a torus bundle
over the complex structure moduli space KC(Y) with fiber T ≡ H3(Y,R)/H3(Y,Z), which
parametrizes the space of harmonic RR three-form fields C over Y modulo large gauge
transformations [63]. This is precisely the topology consistent with the structure of D-
instanton corrections (I.37) where the axionic couplings arise as periods of C over the cycle
wrapped by the brane.

The next step is to include in this picture the NS-axion σ. It parametrizes a certain
circle bundle CNS5 over Jc(Y) and our primary goal is to understand the topology of this
bundle. This can be done on the basis of two observations. First, let us consider the general
structure of NS5-brane corrections to the metric shown in (I.39). We can also write them in
the following form

δds2|NS5 ∼ e−4πkeφ−iπkσ Z(k)
NS5(N , ζΛ, ζ̃Λ) (VI.1)

where the tensorial nature of the metric was ignored. The second factor can be interpreted
as a partition function of k NS5-branes. An important observation is that consistency of the
instanton correction (VI.1) requires that eiπkσ and Z(k)

NS5 are valued in the same circle bundle.
Although it could seem to be a rather trivial statement, in fact, it leads to certain

restrictions on both the partition function and symmetry transformations of the NS-axion.
For example, let us consider the restriction of the circle bundle CNS5 to the torus T . It is
known [64] that the bundle where the fivebrane partition function Z(k)

NS5 lives has a restriction
such that its first Chern class coincides with the Kähler class of T

c1(CNS5)|T = ωT ≡ dζ̃Λ ∧ dζΛ. (VI.2)

This means that the partition function should transform non-trivially under the large gauge
transformations of the RR-fields. The precise transformation, and correspondingly the fi-
bration of CNS5 over the torus T , is specified by a choice of quadratic refinement σNS5(γ),
which satisfies the same defining relation (IV.4) as the one for D-instantons and can equally
be expressed in terms of characteristics Θ = (θΛ, φΛ) as in (IV.5). Although it is tempting
to identify the characteristics Θ and ΘD for two types of instantons, we refrain from doing
so as a priori there is no reason for them to coincide. Then the partition function satisfies
the following twisted periodicity condition

Z(k)
NS5(N , C + H) = (σΘ(H))k E

(
k

2
(ηΛζ̃Λ − η̃ΛζΛ)

)
Z(k)

NS5(N , C), (VI.3)

where we abbreviated C = (ζΛ, ζ̃Λ) and H = (ηΛ.η̃Λ) ∈ H3(Y,Z).
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Chapter VI: NS5-brane instantons

Now we return to the instanton correction (VI.1). Since it must be invariant under the
large gauge transformations, the condition (VI.3) immediately gives the shift of the NS-
axion which must accompany the transformation of the RR-fields. As a result, we have the
following symmetry generators

T ′
H,κ :

(
ζΛ, ζ̃Λ, σ

) 7→ (
ζΛ + ηΛ, ζ̃Λ + η̃Λ, σ + 2κ− η̃ΛζΛ + ηΛζ̃Λ + 2c(H)

)
, (VI.4)

where (H, κ) ∈ H3(Y,Z)× Z and

c(H) = −1

2
ηΛη̃Λ + η̃ΛθΛ − ηΛφΛ mod 1, (VI.5)

so that σΘ(H) = (−1)2c(H). One observes that the generators T ′
H,κ are almost identical to

the generators of the Heisenberg algebra (I.31). The precise relation is given by T ′
H,κ =

TH,κ+c(H). Thus, our topological considerations have revealed an extra shift to be added to
the naive Heisenberg transformations [A10]. This extra shift is important for consistency of
the group action and effectively abelianizes the non-commutative Heisenberg algebra when
one considers it on functions of the form Fk(ζ, ζ̃, σ) = eiπkσFk(ζ, ζ̃).

So far we discussed how CNS5 fibers over the torus of the RR-fields, which is encoded
in the action of the Heisenberg symmetry (VI.4). It remains to understand the fibration of
CNS5 over the complex structure moduli space KC(Y), which is tied with the monodromy
transformations. To this aim, we use our second observation that the perturbative metric
(III.12) suggests that the connection defining CNS5 is determined by the one-form Dσ (III.13)
whose curvature is given by

d

(
Dσ

2

)
= ωT +

χY

24
ωSK, (VI.6)

where ωT and ωSK = − 1
2π

dAK are the Kähler forms on T and KC(Y), and the coefficient 1/2
takes into account that σ has periodicity 2. The first term is in nice agreement with (VI.2).
On the other hand, the second term in (VI.6), originating from the one-loop correction to
the HM metric, has support on KC(Y) and implies that the NS-axion picks up anomalous
variations under monodromies. Indeed, it is easy to check that the following transformation

C 7→ ρ(M) · C, σ 7→ σ +
χY

24π
Im fM + 2κ(M), (VI.7)

where M is a monodromy in KC(Y), fM is a local holomorphic function determined by the
rescaling Ω 7→ efM Ω of the holomorphic 3-form around the monodromy and κ(M) is an
undetermined constant defined modulo 1, is a symmetry of the metric (III.12). It is very
important to keep the constant contribution given by the last term since without it one easily
ends up with an inconsistency: a trivial rescaling Ω 7→ e2πiΩ would lead to identifications
σ ∼ σ + χY/12 in conflict with the periodicity modulo 2 of σ. Thus, consistency requires
the introduction of a unitary character of the monodromy group, e2πiκ(M) [A10, A11]. Then
the instanton correction (VI.1) implies that the fivebrane partition function should undergo
a similar anomalous transformation. As we will see in section 3, this may have further
implications for topological string amplitudes. Unfortunately, the explicit form of the unitary
character remains unknown so far.
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2 Fivebrane corrections to the contact structure

2.1 S-duality on the job

As follows from the duality chain presented in Fig. I.1, the most direct way to get NS5-brane
corrections to the HM moduli space metric is to use the SL(2,Z) symmetry of the type IIB
formulation. It exchanges D5 and NS5-branes and therefore allows to get the latter contribu-
tions once we know the former. However, what we know exactly is not D5-brane corrections,
but D2-instantons in type IIA. D5-instantons follow by applying the mirror map, but as we
discussed in the previous chapter, the mirror map is not known at the full non-perturbative
level. Without its non-perturbative completion, we can get only a quasiclassical or one-
instanton approximation to D5 and consequently to NS5-brane corrections. Nevertheless,
already such a result would represent a substantial progress. Here we are going to present
the corrections to the contact structure which result from such analysis and which have been
found in [A11].

We proceed as follows: start from the known expression for D2-instanton contributions
with charge vector γ = (p0 6= 0, pa, qa, q0) neglecting all multi-instantons, apply the classical
mirror map (V.13) which maps D2-branes to D5-D3-D1-D(-1) bound states, and sum over
all images under SL(2,Z). The transformation matrix is chosen to be

g =

(
a b

−k/p0 p/p0

)
∈ SL(2,Z), (VI.8)

where one takes (c, d) = (−k/p0, p/p0) to run over coprime integers and the integers (a, b),
ambiguous up to the addition of (k/p0,−p/p0), are chosen such that ap + bk = p0. Then p0

is identified as gcd(p, k), whereas k will be interpreted as NS5-brane charge.

One can perform this procedure directly at the level of the twistor space. This ensures
that, even working in the quasiclassical approximation, one satisfies all constraints of QK
geometry. In this approach an instanton correction is encoded in two pieces of data: a contour
on CP 1 and a holomorphic function on the twistor space which describes the transition
function associated with the contour. For D-instantons these data are given by the BPS
rays `γ (IV.1) and the functions Hγ (IV.2). It will however be useful to pass to the rational
BPS invariants Ω(γ) (V.44), as has been done for D3-instantons. Thus, our starting point
is provided by

Hγ =
Ω(γ)

(2π)2
σD(γ)E

(
pΛξ̃′Λ − q′ΛξΛ

)
, (VI.9)

where we passed also to the primed charges and Darboux coordinates, (V.5) and (V.25).
After this change, no mirror map is already required, since the primed variables are those
which properly represent the action of SL(2,Z) (V.28). As a result, the new data which are
supposed to introduce NS5-brane corrections are given by

Hk,p,γ̂ = g ·Hγ, `k,p,γ̂ = g · `γ, (VI.10)

where γ̂ = (pa, q̂a, q̂0) denotes the remaining D3-D1-D(-1)-charges and the hatted charges q̂Λ

denote the combinations (V.23) invariant under the spectral flow.
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Using the S-duality action (V.28), one easily finds [A11]

Hk,p,γ̂ = −Ω(γ)

(2π)2

k

p0

(
ξ0 − n0

)
σD(γ)E

(
kSα +

p0 (kq̂a(ξ
a − na) + p0q̂0)

k2(ξ0 − n0)
+ a

p0q′0
k

− c2,ap
aε(g)

)
,

(VI.11)
where

Sα = α + nΛξ̃Λ + F cl(ξ − n)− 1

2
AΛΣnΛnΣ, (VI.12)

and we denoted n0 = p/k, na = pa/k, valued in Z/k. The factor (p − kξ0)/p0 has been
introduced to ensure that the functions (VI.11) satisfy the transformation law (V.41) with
Gm,n ∼ H−mp0,np0,γ̂ (without regular contributions). As a result, they satisfy the extension of
the theorem of section 2.2, mentioned on page 67, which allows the dependence of transition
functions on ξ̃0 and α.

On the other hand, the transformation (V.26), which is still valid in our approximation,
can be used to find the contour `k,p,γ̂. It is easily seen to be a half-circle stretching between

the two zeros of ξ0−n0, which are nothing else but the points t−k,p
± . As a result, one obtains

exactly the same picture as one had for D3-instantons in Fig. V.2. This shows that in type
IIB fivebrane instantons are nicely combined with D3-instantons.

2.2 Consistency checks

Altogether Hk,p,γ̂ and `k,p,γ̂ provide the data which are expected to encode the fivebrane
corrections to the contact structure of the type IIB HM moduli space in the one-instanton
approximation. However, before we can actually claim that the deformation they induce
correctly introduces fivebrane instanton corrections, they should pass several consistency
checks. Here we present two very non-trivial tests which allow to consider them as a serious
candidate for the right description of fivebrane contributions.

Heisenberg and monodromy transformations

Besides S-duality, MHM should carry an isometric action of the Heisenberg symmetry and
monodromy invariance. In section 1 we found how these symmetries should be realized at
the non-perturbative level: they are given by (VI.4) and (VI.7), respectively. As usual, they
can be lifted to a holomorphic action on the twistor space and should preserve the contact
structure. In our terms this implies that the transition functions and the associated contours
are mapped to each other, i.e. the image of Hk,p,γ̂ should be Hk,p′,γ̂′ for a suitably chosen
map (p, γ̂) 7→ (p′, γ̂′), with the contours `k,p,γ̂ following the same pattern.

In [A11] it was shown that our twistorial data, Hk,p,γ̂ and `k,p,γ̂, do satisfy this condition
up to some phase factors. More precisely, one has

T ′
H,κ ·Hk,p,γ̂ = ν(η)Hk,p−kη0,γ̂[−kηa/p0], Mεa ·Hk,p,γ̂[pε/p0] = ν ′(ε)Hk,p,γ̂[−pε/p0], (VI.13)

where γ̂[ε] denotes the image of the charge vector γ̂ under the spectral flow (V.22) with
parameter εa, and ν(η), ν ′(ε) are the constant phase factors which can be found in [A11]. The
cancelation of all dependence on the Darboux coordinates in the symmetry transformations
(VI.13) is very promising, but the presence of the phases indicates some tension between
S-duality, Heisenberg and monodromy invariance and suggests that it may be necessary to

78



§2 Fivebrane corrections to the contact structure

relax some of our assumptions about the way these symmetries are realized. In particular,
it is possible that S-duality is realized only as a finite index subgroup of the full SL(2,Z).
In the absence of a satisfactory resolution of this problem, we simply ignore the anomalous
phase factors and proceed further. Moreover, it turns out that for k = 1 the phase ν(η) can
be canceled by a suitable choice of characteristics

θΛ
D = 0, φ0 = A00/2, φa − φD

a = Aaa. (VI.14)

We will use this choice in the next section and the results obtained there seem to confirm its
correctness. Unfortunately, no choice was found which would lead to cancelations in other
cases.

Fivebrane instanton action

The second consistency check is to show that the corrections to the metric generated by
the transition functions (VI.11) indeed have the form of the NS5-brane contributions (I.39).
In other words, we need to compute the instanton action corresponding to (VI.11). The
simplest way to do this is to evaluate the Penrose transform of Hk,p,γ̂

∫

`k,p,γ̂

dt

t
Hk,p,γ̂(ξ(t), ξ̃(t), α(t)). (VI.15)

This is a typical integral which describes instanton corrections to various quantities. While
the precise form of the integration kernel can be different and vary from one quantity to
another, it does not affect the leading saddle point approximation we are interested in.

Substituting the tree level expressions for the Darboux coordinates (III.4), it is straight-
forward to find the saddle point and to evaluate the resulting instanton action Sk,p.γ̂. The
expression is a bit cumbersome and we refer to [A11] for its explicit form. As a cross-check
one can verify that the same expression is obtained by applying the classical mirror map and
S-duality to the classical D-instanton action (I.37)

Sk,p.γ̂ = g · Sγ, Sγ = 2πτ2|Zγ|+ 2πi(qΛζΛ − pΛζ̃Λ). (VI.16)

The fivebrane action crucially simplifies in the small string coupling limit τ2 → ∞. In this
approximation one finds

Sk,p.γ̂ ≈ πk
(
4 eφ− i(nΛ− ζΛ)N̄ΛΣ(nΣ− ζΣ)

)
+iπk

(
σ + (ζΛ − 2nΛ)ζ̃Λ

)
− 2πimΛzΛ, (VI.17)

where we used the following notations

n0 =
p

k
, na =

pa

k
, ma =

p0

k
q̂a, m0 =

ap0

k
q′0 − c2,ap

aε(g). (VI.18)

It is clear that the NS5-brane action (I.39) is a part of our result. Moreover, the first
term matches precisely the instanton action obtained in [65], based on a classical analysis
of instanton solutions in N = 2 supergravity, while the other terms restore the appropriate
axionic couplings. Thus, the transition functions (VI.11) are in perfect agreement with the
supergravity description of NS5-branes.
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3 Fivebrane partition function and topological strings

3.1 Relation to the topological string amplitude

During long time it was suspected that the NS5-brane partition function Z(k)
NS5 is closely

related to the topological string partition function Ztop [66, 67]. There are several reasons to
expect such a relation. In particular, for k = 1 they are both governed by Donaldson-Thomas
invariants and, in addition, they both behave as wave functions. For topological strings this
is a well known fact coming from the holomorphic anomaly equations satisfied by Ztop and
the possibility to define it for different polarizations of the symplectic space H3(Y,R) [68].
For NS5-branes this is a consequence of the Heisenberg algebra or, equivalently, the twisted
periodicity condition (VI.3). Indeed, the most general function satisfying this condition can
be written as a non-Gaussian theta series

Z(k)
Θ,µ(N , ζΛ, ζ̃Λ) =

∑

n∈Γm+µ+θ

Ψk,µ
R

(
ζΛ − nΛ

)
E

(
k(ζ̃Λ − φΛ)nΛ +

k

2
(θΛφΛ − ζΛζ̃Λ)

)
, (VI.19)

where Ψk,µ
R (ζΛ) is a kernel of the theta series which also depends on the complex structure

moduli and the string coupling. One observes that the unknown kernel depends only on a
half of the variables parametrizing the torus T . In the given case, these are ζΛ. On the
other hand, one can give a similar representation where the kernel depends instead on ζ̃Λ

and is related to the original one by a Fourier transform. This indicates that Ψk,µ
R (ζ) should

be viewed as a wave function in the ζ-representation. Moreover, it should transform in the
metaplectic representation under changes of symplectic basis similarly to the topological
wave function in the real polarization. Due to this, it is tempting to suggest that these two
objects should be somehow identified.

It turns out that the results presented in the previous section allow to put these ideas
on a firm ground. To this aim, let us consider a formal sum of the holomorphic functions
(VI.11) for k = 1 over the integer charges p, pa and qΛ:

H
(1)
NS5(ξ, ξ̃, α) =

∑
p,pa,qΛ

H1,p,γ̂(ξ, ξ̃, α). (VI.20)

This sum is formal because each term is attached to a different contour on CP 1. Never-
theless, it can be meaningfully inserted into general formulas for Darboux coordinates and
the contact potential, provided the sum is performed after integration along CP 1. From the
mathematical point of view, it just defines a section of H1(ZMpert

HM
,O(2)).

As we know from the previous section, for k = 1 there exists a choice of characteristics
(VI.15) such that the section H

(1)
NS5 is invariant under the Heisenberg symmetry. As a result,

it can be recast into the form very similar to the non-Gaussian theta series (VI.19)

H
(1)
NS5(ξ, ξ̃, α) =

1

4π2

∑

nΛ

H(1)
NS5

(
ξΛ − nΛ

)
E

(
α + nΛ(ξ̃Λ − φΛ)

)
. (VI.21)

A remarkable fact is that the function H(1)
NS5 appearing in this representation turns to be

proportional to the wave function of the topological A-model on Ŷ in the real polarization,
which should be analytically continued to complex values of its argument [A11],

H(1)
NS5(ξ

Λ) ∼ Ψtop
R (ξΛ). (VI.22)

80



§3 Fivebrane partition function and topological strings

The proportionality factor can be expressed in terms of Mac-Mahon function and depends
only on ξ0.

The relation (VI.22) provides a direct link between the NS5-brane instantons in type IIB
string theory on a Calabi-Yau Ŷ and A-model topological strings on the same Calabi-Yau.
By mirror symmetry, one expects that NS5-brane instantons in type IIA on Y should be
related to the topological B-model on Y. On the other hand, despite the relation (VI.22) is

very concrete, the unclear status of the sum over charges in the definition of H
(1)
NS5 raises some

questions about its physical interpretation which certainly require a deeper understanding
of the physics behind it.

3.2 Fivebrane partition function from twistor space

Due to the complicated nature of NS5-branes, to define their partition function is a very
non-trivial problem. One of the standard approaches to this problem is a holomorphic
factorization [69, 44]. It does allow to find a partition function which has the form of the
theta series (VI.19) and reproduces the classical fivebrane instanton action (VI.17). However,
the validity of this approach is very restricted. First of all, it ignores all non-linear effects on
the fivebrane worldvolume so that it gives only a Gaussian approximation of the full partition
function. Then, in type IIA, it takes into account only the degrees of freedom of the self-dual
3-form flux H, whereas we expect also a non-trivial dependence on the complex structure
moduli and the string coupling. And finally, it involves some further simplifying assumptions
which do not seem to hold in general [A11]. Thus, while the holomorphic factorization likely
captures the right topological properties of the fivebrane partition function, it is not able to
produce the complete result.

On the other hand, our twistor approach suggests a natural candidate for the full partition
function: it can be defined by summing the Penrose transform (VI.15) over charges

Ẑ(k,µ)
NS5 =

∑

p,pa,q̂a,q̂0

∫

`k,p,γ̂

dt

t
Hk,p,γ̂(ξ(t), ξ̃(t), α(t)), (VI.23)

where the vector µa is the residue class defined below (V.46). Note that this definition
absorbs the dependence on the NS-axion so that it actually coincides with the r.h.s. of
(VI.1). In [A11] the sum over electric charges has been performed explicitly. Besides, the
saddle point evaluation of the Penrose transform in section 2.2 has been generalized to
include the normalization factor which should correspond to the one-loop determinant. As
a result, for k = 1 in the small coupling limit, this prefactor was found to be

F ∼ (
z̄Λ Im FΛΣz̄Σ

)−1
t
−2+

χY
24

s ef1(z), (VI.24)

where
ts = 4 eKτ−1

2 (ζΛ − nΛ) ImNΛΣzΣ (VI.25)

is the saddle point and f1(z) is the holomorphic part of the one-loop vacuum amplitude of
the topological B-model. The appearance of f1(z) further strengthens the connection with
topological strings. Moreover, it is consistent with the monodromy transformations of the
NS-axion (VI.7). Indeed, denoting by L the line bundle over KC(Y) in which the holomor-

phic three-form Ω is valued, ef1(z) is a section of L1−χY
24

+
b3
4 which does not have a canonical
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Chapter VI: NS5-brane instantons

definition unless χY is divisible by 24. Due to this, one expects that its monodromy trans-
formation also contains a unitary character κ(M) which appears in (VI.7) and the condition

that the total partition function Ẑ(k)
NS5 is well defined requires that the two characters are the

same.
Finally, we show how the fivebrane partition function (VI.23) can be encoded in a certain

state in the Hilbert space H of square-integrable functions on H3(Y,R). To this aim, let
us consider a specific state |ΨΓm,k,µ〉 ∈ H, which has the following simple representation in
terms of its wave function ΨΓm,k,µ

R (ζΛ) in the real polarization

ΨΓm,k,µ
R (ζΛ) =

∑
n∈Γm+µ

δ
(
ζΛ − nΛ

)
e2πik φΛnΛ

. (VI.26)

Besides, we introduce two sets of operators, TΛ and T̃Λ, acting on H. Their action on an
arbitrary wave function in the real polarization reads

TΛ ·ΨR(ζΛ) = 2πkζΛΨR(ζ
Λ), T̃Λ ·ΨR(ζΛ) = −i∂ζΛΨR(ζ

Λ), (VI.27)

so that they satisfy the Heisenberg algebra

[TΛ, T̃Σ] = 2πikδΛ
Σ. (VI.28)

with the NS5-brane charge playing the role of the Planck constant. Then the fivebrane
partition function (VI.23) appears as the Penrose transform of a matrix element

Ẑ(k,µ)
NS5 =

∫
dt

t
e2πikα 〈ΨΓm,k,µ| ei(ξΛT̃Λ−ξ̃ΛTΛ)|H(k,µ)

NS5 〉, (VI.29)

where |H(k,µ)
NS5 〉 is the state whose wave-function in the real polarization is given by an exten-

sion of H(1)
NS5 from (VI.21) to arbitrary NS5-brane charge k and residue class µa. This is the

state we were looking for. As we know from (VI.22), it essentially coincides with the state
associated to the topological string wave function.
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Chapter VII

Example: universal hypermultiplet

Until now we considered the HM moduli space which is obtained by compactifying type II
string theory on arbitrary Calabi-Yau. While our results uniquely determine the quantum
corrected metric on MHM, it is difficult to give its explicit form beyond the perturbative
approximation. However, there exists a special case where such an explicit representation is
possible. This is the case of type IIA string theory compactified on a rigid Calabi-Yau, which
has vanishing Hodge number h2,1 and therefore does not have complex structure moduli. In
this case the effective theory contains only one hypermultiplet, which is known by the name
universal hypermultiplet (UHM) and was briefly mentioned on page 9. Since nH = 1, the HM
moduli space is four-dimensional which is the simplest possible case of a quaternion-Kähler
manifold. This is the reason why the UHM was extensively studied in the literature, see
for instance [70, 71, 72, 73, 22, 41, 74], and in fact the first insights to many of the results
reported here have been obtained from these studies.

In this chapter we are going to specialize our general results to the particular case of
the UHM. Moreover, we use the fact that four-dimensional QK manifolds can be described
in terms of solutions of just one non-linear differential equation. We establish a connection
between this description and our twistor approach, which allows to immediately translate
the results for the quantum corrections to the contact structure on the twistor space to the
corresponding corrections to the metric.

1 Four-dimensional QK spaces

1.1 Przanowski description

A four-dimensional QK manifold is an Einstein space with a non-vanishing cosmological
constant and a self-dual Weyl curvature. In the case of positive cosmological constant there
are actually only two possibilities: the four-sphere S4 and the complex projective plane
CP 2. However, we are interested in the case of negative scalar curvature which is much
more non-trivial and allows for continuous deformations.

It is worth to mention that the limit of zero curvature corresponds to four-dimensional
HK manifolds. The metric on such manifolds, which are thus Ricci-flat and self-dual, is well
known to be encoded in solutions of the so called heavenly equations [75]. It is less known
that a similar result holds also for a non-vanishing cosmological constant. It was shown by
Przanowski [76] that locally it is always possible to find complex coordinates zα such that
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the metric takes the form

ds2
Q = − 6

Λ

(
hαβ̄ dzα dzβ̄ + 2eh |dz2|2

)
≡ 2gαβ̄ dzα dzβ̄, (VII.1)

where hα = ∂h/∂zα, etc. It is completely determined in terms of a single real function
h(zα, zᾱ) and the constraints of quaternionic geometry require that the function must satisfy
the following non-linear partial differential equation

Prz(h) ≡ h11̄h22̄ − h12̄h1̄2 + (2h11̄ − h1h1̄) eh = 0. (VII.2)

To show that the metric (VII.1) is indeed quaternion-Kähler, it is sufficient to verify the
conditions (II.21), where in four dimensions the coefficient ν is related to the cosmological
constant as ν = Λ/3. They are satisfied provided the SU(2)-connection and the quaternionic
two-forms are expressed in terms of h as follows [77, A8]

p+ = eh/2dz2, p3 =
i

2
(∂ − ∂̄)h, p− = (p+)∗,

ω+
Q =

6

Λ
eh/2h1 dz1 ∧ dz2, ω3

Q = 2i gαβ̄ dzα ∧ dzβ̄, ω−Q = (ω+
Q)∗.

(VII.3)

It is important to emphasize that solutions of the Przanowski equation (VII.2) are not
in a one-to-one correspondence with the self-dual Einstein metrics. In general, there are
infinitely many ways of expressing a given metric in the form (VII.1). One can distinguish
between two types of ambiguities. The first comes from the following holomorphic change of
coordinates

z1 → z′1 = f(z1, z2), z2 → z′2 = g(z2),

h(z1, z2) → h′(z1, z2) = h
(
f(z1, z2), g(z2)

)− log
∣∣g2(z

2)
∣∣2 (VII.4)

which, supplemented by the above change of the Przanowski function, provides a symmetry
of the metric [78]. The second ambiguity roots in the choice of complex structure defined
by the coordinates zα. A QK space has infinitely many local integrable complex structures
and any of them can be used to achieve the Przanowski ansatz (VII.1). In general, different
complex structures lead to different solutions of the Przanowski equation which are related to
each other through a non-holomorphic change of variables. As we will see, this phenomenon
has a natural interpretation in the framework of the twistor approach.

1.2 QK spaces with isometries

If a four-dimensional QK manifold has an isometry, there exists even a simpler description.
It is provided by the Tod ansatz [79] which can be written in local coordinates (ρ, z, z̄, ψ) in
the form

ds2
M = − 3

Λ

[
P

ρ2

(
dρ2 + 4eT dzdz̄

)
+

1

Pρ2
(dθ + Θ)2

]
, (VII.5)

where the isometry acts as a shift in the coordinate θ. Here, T is a function of (ρ, z, z̄),
P ≡ 1− 1

2
ρ∂ρT , and Θ is a one-form such that

dΘ = i(∂zPdz − ∂z̄Pdz̄) ∧ dρ− 2i ∂ρ(P eT )dz ∧ dz̄. (VII.6)
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The Einstein self-duality condition of the metric imposes on the function T the three-
dimensional continuous Toda equation

∂z∂z̄T + ∂2
ρ eT = 0, (VII.7)

which also plays the role of the integrability condition for (VII.6).
This description can be related to the more general one due to Przanowski if one chooses

the coordinates zα such that the Killing vector ∂θ acts by shifting the imaginary part of z1.
Then the condition that this action is isometric is equivalent to h1 = h1̄ and the relation
between h, z1, z2 and T, ρ, z is given by the Lie-Bäcklund transformation [80, 81]

z = z2, ρ = 1/(2h1), T = h + 2 log ρ. (VII.8)

Similarly, in the case of two commuting isometries, there is an ansatz due to Calderbank
and Pedersen [82] which encodes the metric in terms of solutions of the Laplace equation
on the hyperbolic plane. We refer to [A8] for the relation of this ansatz to the Toda and
Przanowski equations.

1.3 Relation to the twistor description

The above results provide an explicit parametrization of the four-dimensional QK metrics
in terms of solutions of differential equations. However, this leaves us with the problem of
solving these non-linear equations and an additional problem that different solutions can in
fact describe the same manifold. This should be contrasted with the twistor approach where
any consistent set of holomorphic transition functions defines a quaternionic manifold, but
to get the metric, in general, requires solving some (integral) equations.

A relation between these two descriptions has been established in [A8]. It comes from
the observation that the metric on Q can be expressed through the Kähler potential and the
contact one-form on its twistor space [29]

ds2
Q ≡

12

Λ

(
ds2

ZQ − e−2KZQ |X |2) , (VII.9)

where the r.h.s. should be restricted to any real-codimension 2 (local) complex submanifold
C transverse to the contact distribution, i.e. such that X|C 6= 0. This form of the metric
essentially coincides with the Przanowski ansatz (VII.1) and allows to identify the Przanowski
function with the restriction of the Kähler potential on ZQ to the submanifold C up to a
Kähler transformation

h = −2KC + FC + F̄C. (VII.10)

Moreover, one can show that a set of constraints to be satisfied by the Kähler potential,
which include in particular the Monge-Ampère equation representing the Kähler-Einstein
property of the metric on ZQ, reduces to the single Przanowski equation (VII.2).

This derivation also demonstrates that choosing different complex submanifolds, one
generates different solutions of the Przanowski equation. A particular choice of C specifies
a local integrable complex structure on Q. As a result, this choice appears to be the origin
of the non-holomorphic ambiguity in the Przanowski description mentioned in the end of
section 1.1. In practice, the complex submanifold C can be specified by the vanishing of some
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Chapter VII: Example: universal hypermultiplet

holomorphic function C(ξ, ξ̃, α) = 0 on ZQ. Then it is enough to solve this condition with
respect to one of the holomorphic coordinates and substitute the solution into the Kähler
potential.

A particular convenient choice of the complex submanifold is provided by C = 1/ξ because
this is the only choice which can be equivalently described as a hypersurface of constant
fiber coordinate t, namely t = 0. In this case, one can explicitly identify the Przanowski
coordinates zα and function h with coefficients of the Darboux coordinates (II.35) in the
small t-expansion. More precisely, one has [A8]

z1 =
i

2
α

[+]
0 + cα log Y − c0A, z2 =

i

2
ξ̃

[+]
0 + c0 log Y,

h = −2φ + 2 log
Y

2
.

(VII.11)

Conversely, some of the first coefficients and the constant part of the contact potential can
be expressed through the Przanowski function

Y =
eh/2

|h1| , ξ
[+]
0 = Y φ

[+]
1 +

h2

h1

, φ
[+]
0 = − log(2h1). (VII.12)

In the presence of an isometry these relations can be further simplified. For example, the
contact potential becomes globally defined and t-independent so that Φ[i] = φ and one can
drop the first term in the expression for ξ

[+]
0 . Using (VII.8), one also finds an explicit relation

between the twistor data and the Toda potential

ρ = eφ, T = 2 log(Y/2). (VII.13)

In particular, the radial coordinate is identified with the contact potential and therefore in
the context of string theory coincides with the four-dimensional string coupling.
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§2 Geometry of the universal hypermultiplet

2 Geometry of the universal hypermultiplet

2.1 Perturbative universal hypermultiplet

The perturbative metric on the moduli space of the universal hypermultiplet can be obtained
from the one-loop metric (III.12) where there are no complex structure moduli za and there
is only one pair of the RR fields ζ, ζ̃. In addition, since a degree 2 homogeneous function
of one argument is necessarily quadratic, the holomorphic prepotential must be of the form
F = τ

2
X2. The complex parameter τ is the modulus of the intermediate Jacobian Jc(Y)

defined in section VI.1. Although it does affect the global structure of the moduli space,
locally it can be absorbed into a redefinition of the RR scalars. For simplicity, we restrict
it to be τ = −i/2 so that K = N = 1 and N = −i/2. As a result, the perturbative metric
takes the form [22, 41]

ds2
UHM =

r + 2c

r2(r + c)
dr2 +

r + 2c

r2

∣∣∣∣dζ̃ +
i

2
dζ

∣∣∣∣
2

+
r + c

16r2(r + 2c)

(
dσ + ζ̃dζ − ζdζ̃

)2

. (VII.14)

It is easy to recognize that the metric (VII.14) falls in the Tod ansatz (VII.5) where one
should take [74]

T = log(ρ + c), (VII.15)

identify the coordinates as

ρ = r, z = −1

4
(ζ − 2iζ̃), θ = −1

8
σ, (VII.16)

and put Λ = −3/2. It is trivial to check that (VII.15) indeed satisfies the Toda equation
(VII.7) being its one of the most trivial solutions. The one-loop deformation appears as a
simple shift of the radial coordinate, which is a symmetry of the Toda equation.

Similarly, one can put the metric into the Przanowski form provided one takes [A1]

z1 = −(
r + c log(r + c)− 1

8
ζ2

)− i
4
(σ + ζζ̃), z2 = −1

4
(ζ − 2iζ̃),

h = − log
r2

r + c
.

(VII.17)

These equations perfectly agree with the identifications (VII.11) where the Darboux coor-
dinates are taken from chapter III with τ2 excluded in favor of the contact potential r = eφ

(III.11). Thus, the Darboux coordinates we are working with, in the patch U0, are given by

ξ[0] = ζ + 2
√

r + c
(
t−1 − t

)
,

ξ̃[0] = ζ̃ − i
√

r + c
(
t−1 + t

)
,

α̃[0] = σ − i
√

r + c
(
t−1(ζ − 2iζ̃) + t(ζ + 2iζ̃)

)
− 8ic log t.

(VII.18)

To check that the function h (VII.17) does solve the Przanowski equation (VII.2), one should
express r as a function of zα. In presence of the one-loop correction this can be done only
implicitly, which is however sufficient to compute the derivatives of h and to verify the
equation.
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Finally, we mention that there is a surprising duality between the one-loop corrected
UHM described here and the c = 1 non-critical string theory compactified on the self-dual
radius [A15] (for a review of c = 1 strings, see [83, 84]). Both systems are represented by
the same solution of the Toda equation and the twistor description of the UHM turns out to
be equivalent to the Lax formulation of the integrable structure of the c = 1 string theory.

2.2 Instanton corrections as perturbations

To write the instanton corrected UHM metric, one should find a solution of the Przanowski
equation (VII.2) which would incorporate these contributions. Of course, it is almost im-
possible task given the complicated nature of this equation. If one ignores the NS5-brane
instantons, so that the isometry along the NS-axion remains preserved, it is possible to use
the Toda description of section 1.2. However, it does not much simplify the problem as the
equation to be solved is still a non-linear equation in partial derivatives.

Nevertheless, both these equations become very powerful once one is interested only in
linear deformations of the one-loop corrected metric (VII.14). This restriction is equivalent
to the one-instanton approximation which was discussed repeatedly in the previous chapters.
In this approximation, one can expand the “master” equation, (VII.2) or (VII.7), around a
solution representing the perturbative metric. As a result, one obtains a linear differential
equation which is much easier to solve. Of course, not all solutions of these linearized
equations are physically relevant and some conditions which select the admissible solutions
should be imposed.

This procedure has been carried out in [74] for the Toda equation and in [A1] for the
Przanowski equation. The following three types of solutions have been found:

δh(2)
p,q =

C

r
e−2πi(qζ−pζ̃)K0

(
4π

√
(r + c)(4q2 + p2)

)
, (VII.19)

δh
(2′)
p,k,± =

C

r

(√
1 + ζ2

16(r+c)
− ζ

4
√

r+c

)16πck

√
16(r + c) + ζ2

e±2πi(pζ̃−k(σ+ζζ̃))e−π(p−kζ)
√

16(r+c)+ζ2
,(VII.20)

δh
(5)
k,± =

C

r
e±πikσ eπk(4r−( 1

4
ζ2+ζ̃2))

(r + c)4cπk

∫ ∞

1

e−8πk(r+c)t dt

t1+8πck
, (VII.21)

where the charges are restricted to satisfy p > 0, kζ < 0 for the second solution and k > 0
for the last one. These solutions are not unique. In particular, any function obtained by
applying a Heisenberg transformation to (VII.19)-(VII.21) or a linear combination thereof is
also a solution of the Przanowski equation linearized around (VII.17).

Furthermore, the first solution has a transparent physical meaning: this is just an in-
stanton correction due to a D2-brane with charge (p, q). Its leading large r asymptotics,
corresponding to the small gs limit, perfectly agrees with (I.37), whereas the Bessel function
provides all subleading contributions. Similarly, comparing the third solution with (I.39),
one recognizes an NS5-brane instanton. Applying the Heisenberg shift of ζ̃ and integrating
over the shift parameter, one can obtain another solution which differs only by the exponen-
tial factor. Its leading asymptotics reads e±πik(σ+ζζ̃)−πk(4r+ 1

2
ζ2) and reproduces the NS5-brane

action (VI.17) from the previous chapter. The possibility to represent NS5-brane instantons
in different forms can be considered as a realization of the wave function property discussed
in section VI.3.1.
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Finally, the second solution does not have an obvious interpretation. Its axionic couplings
indicate that it should represent a bound state of NS5 and D2-branes, but the real part of the
instanton action has a somewhat unusual form. Although there is a BPS solution in classical
supergravity which reproduces such instanton action [85], the microscopic interpretation of
(VII.20) remains unclear.

More generally, it turns out that the linearized Przanowski equation around a solution h
can be written in the following form [A8]

dPrzh (δh) = eh |h1|4
[
− 3

2Λ
∆ + 1

]
δh

|h1|2 = 0. (VII.22)

In the case with an isometry when h1 = h1̄, the second order differential operator ∆ coin-
cides with the Laplace-Beltrami operator defined by the metric (VII.1) one expands around.
Otherwise, ∆ is given by its generalization involving a certain connection term, which un-
fortunately has not been understood from a geometric point of view. In any case, the de-
formations of h appear as eigenmodes of this operator. The specific eigenvalue 2Λ/3 = R/6
corresponds to a conformally coupled massless scalar field. In this case, the eigenmodes of
the Laplace-Beltrami operator are known to be generated by Penrose-type contour integrals
[24]. This establishes a link with our twistor approach. Indeed, using identifications (VII.11),
it was shown in [A8] that if the transition functions can be represented as in (II.18) where
H [ij]

(1) is treated as a perturbation, the corresponding variation of the Przanowski function is
given by

δh = −h1

∑
j

∮

Cj

dt

2πit
H [ij]

(1) . (VII.23)

Moreover, for the UHM metric (VII.14) one can explicitly verify that (VII.23) satisfies the
linearized equation (VII.22) for any set of holomorphic functions and associated closed con-
tours. One may also consider open contours provided one makes sure that all boundary
contributions coming from the integration by parts and the action of the Laplace operator
on the limits of integration cancel each other. This turns out to be the case when the end
points of the contour lie on any complex submanifold of the twistor space.

The simple formula (VII.23) allows to translate our results on deformations of the con-
tact structure on the twistor space induced by instanton corrections directly to the variation
of the metric, without necessity to solve any equations. It is sufficient to take the transi-
tion functions associated with a given type of instantons, evaluate them on the Darboux
coordinates (VII.18) and integrate along the corresponding contour. Substituting the result
into (VII.1) then produces an instanton corrected metric on the UHM moduli space in the
one-instanton approximation. Note that all open contours appeared so far do satisfy the
condition that their ends belong to a complex submanifold: for the contours `γ associated
to D2-branes the submanifold is defined by 1/ξ = 0 and for the contours relevant for D3 and
fivebranes in type IIB these are mξ + n = 0.

In this way, in particular, one can reproduce the solutions of the linearized Przanowski
equation given above. For example, the simple exponential function H(1) ∼ e−2πi(qξ−pξ̃), which
is a single term from the dilogarithm sum (IV.2), reproduces δh

(2)
p,q. On the other hand, to

get δh
(5)
k,±, one should take

H(1) ∼ (ξ ± 2iξ̃)8πck e±πikα̃−πk( 1
4
ξ2+ξ̃2), (VII.24)
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and choose a contour C connecting t = ∞ (t = 0) to the point t± corresponding to the
complex submanifold ξ ± 2iξ̃ = 0, namely

t± = −
[

4
√

r + c

±ζ + 2iζ̃

]±1

. (VII.25)

Although such holomorphic functions did not appear in our studies of fivebrane corrections
based on S-duality, it is tempting to suggest that they may be relevant for the type IIA
description of NS5-brane instantons. These functions correspond to the so called symmetric
gauge where none of the Heisenberg shifts (I.31), except the shift of the NS-axion, is an
explicit symmetry. Therefore, the complete answer should involve a double sum over both
shifts of ξ and ξ̃ generalizing the theta function representation (VI.21) [86]. Although it
is possible to relate it to the usual ξ and ξ̃-representations, the symmetric gauge is plau-
sible due to the simplicity of the transition function (VII.24). Moreover, it appears to be
symplectic invariant since the quadratic term in the exponent is nothing else but the Hesse
potential evaluated on the symplectic vector (ξ, ξ̃). This fact also opens a possibility for a
generalization of (VII.24) to higher dimensions. However, this part of the full picture has
not been understood yet and our story about the twistor approach to the non-perturbative
HM moduli space stops here.
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In this review we summarized a progress in understanding quantum corrections to the
hypermultiplet moduli space. Just five years ago only the tree level metric and some frag-
mentary facts about its quantum corrections were known, whereas now we are already very
close to the complete non-perturbative picture! We have shown how such a coherent picture
arises step by step: starting from the one-loop correction to the tree level metric, incorpo-
rating D-instantons, and finishing with NS5-brane contributions, all included consistently
with the constraints of quaternion-Kähler geometry.

To achieve these results, it was crucial to apply the twistor approach to quaternionic
geometries, which has been developed precisely for this purpose. It originated as a general-
ization of the projective superconformal approach, which marked many important findings
in theories with N = 2 supersymmetry, but is restricted to quaternionic spaces with suffi-
cient number of commuting isometries. In contrast, the twistor approach does not have any
restrictions and in its framework many non-trivial physical effects obtain a simple and nice
geometric description.

On the way, we have also gained new insights into the action of S-duality, realization of
quantum mirror symmetry, and connection to integrable models. The last point is especially
encouraging since it gives a hope that the whole problem possesses a hidden integrable
structure. Its discovery would certainly have a great impact on the subject and could provide
new hints to the fundamental structure of string theory.

Furthermore, the study of NS5-brane corrections revealed their close connection to topo-
logical strings. Although such a connection was suspected to exist already long ago, we were
able to give it a precise form. However, its implications have not been investigated yet and
are still to be understood.

Of course, there still remains a lot of work to be done before the main problem addressed
here can be claimed to be completely solved. Moreover, in the course of achieving this goal,
one opens new research directions which raise new issues and new questions. Therefore, we
would like to finish this review with a list of problems which, from our viewpoint, are either
very interesting or indispensable for further progress:

• The most urgent problem is to extend the results reported here on instanton corrections
due to D3, D5 and NS5-branes to the multi-instanton level. Such extension should
also provide the complete non-perturbative mirror map and make a conclusion about
the fate of S-duality: Is it realized as the full SL(2,Z) group or only as some of its
subgroups?

• In chapter VI we found instanton corrections due to NS5-branes in the linear approx-
imation. The resulting picture is adapted to the type IIB formulation as it explicitly
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respects S-duality. On the other hand, very often the results, which exist in the two
mirror formulations, appear in type IIA in a simpler form than in type IIB, as is the
case, for example, for D-instantons. Therefore, it is natural to ask how the NS5-brane
contributions look like in the type IIA picture? Note that this formulation is expected
to be explicitly invariant under symplectic transformations, but it is not clear how to
reconcile this requirement with the theta function representation (VI.19), which is a
consequence of the Heisenberg symmetry. Some hints to a possible resolution of this
puzzle can be found in the study of instanton corrections to the universal hypermulti-
plet presented in the last chapter.

• An important problem is to show that the full non-perturbative moduli space metric is
free of any singularities. In particular, this implies that the instanton corrections must
resolve the one-loop singularity at r = −2c. This requirement gives a very non-trivial
consistency check on our construction.

At present, it is not clear how such a resolution can be demonstrated. Probably, it
should involve some resummation of the sum over charges and taking into account
multi-instanton contributions. This in turn raises the problem that, in contrast to the
gauge theory case, the BPS indices Ω(γ) in string theory are exponentially growing
and therefore the sum over charges is divergent. In [87] it was argued that this sum
can be considered as an asymptotic series and be resumed using a generalized Borel
technique. As a result, the ambiguity of the asymptotic series turns out to be of the
order of NS5-brane instantons so that the latter are expected to convert this series
into a convergent one. To show that this is indeed the case is another important open
problem.

• A series of questions arises from the observed relation of D-instanton corrections to
integrable models described by Thermodynamic Bethe Ansatz. First of all, it would
be interesting to understand what is the precise integrable structure behind this TBA
and what is its physical interpretation from the string point of view. In particular,
how to extract the two dimensions, where the integrable model is supposed to live, in
string theory?

It should be noted that for N = 2 supersymmetric gauge theories there is a special
chamber in the moduli space where the spectrum takes a particularly simple form
[88]. In this canonical chamber the BPS states can be associated with the nodes of
a Dynkin diagram and the scalar product between their charges are provided by the
corresponding Cartan matrix. The phases of the central charges turn out to be ordered
also in a special way and, as a result, the TBA equations for the metric on the instanton
corrected moduli space can be mapped to the Y-system of the standard ADE integrable
models [5]. Whether similar results hold in the string theory context remains unclear.

• A very interesting question is whether the integrability of D-instantons is extended to
include NS5-brane contributions? An affirmative answer to this question could have
important implications. Whereas the relation between D-instantons and integrability
is fascinating, in a sense, it is not completely unexpected. As we know, in this approxi-
mation the HM moduli space is dual by the QK/HK correspondence to a HK manifold
and a relation between the hyperkähler geometry and integrability has been observed
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long ago [2]. On the other hand, we are not aware of any examples where the former
can be replaced by the contact geometry. Thus, the HM moduli space corrected by
NS5-brane instantons has a chance to provide the first example of such type.

Moreover, in the presence of NS5-branes, the Heisenberg symmetry becomes isomorphic
to the quantum torus algebra, where the fivebrane charge plays the role of the quantum
deformation parameter. Therefore, it is natural to suspect that the inclusion of NS5-
branes corresponds to some quantum deformation of a classical integrable system. In
particular, a natural hypothesis is that the D-instanton transition functions on the
type IIA side get modified to be given by the quantum dilogarithm. However, much
more work is required to establish whether this is indeed the case.

• A closely related question is whether the refined BPS invariants, which appear naturally
in N = 2 gauge theories in presence of line defects [89] and are subject to the motivic
wall-crossing formula [43, 90], play some role also in our story? S-duality used to get
fivebrane contributions seems to imply that the usual Donaldson-Thomas invariants
are enough to describe all instanton corrections. However, if the above idea about the
quantum dilogarithm is not completely false, the refined invariants do have a chance
to appear.

• Finally, one may expect that the results presented in this review will have some im-
portant implications for other domains of string theory which include, in particular,
topological strings and the physics of BPS black holes. Hopefully, at least some of
these results can also be extended to vacua with N = 1 supersymmetry and be useful
for phenomenological model building.
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